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If Static and Spherically Symmetric (SSS),

Null geodesics L
in 4D Lorentzian geometry * ) g ij(x ) L
dt- = dx'dx’

ds® =0 800(x")
= yl-]-dxidxj

Optical metric
in 3D Riemannian geometry

Note 73 +* gij

Light ray 5 dt =0  Fermat’s principle
dx* dxﬂ
/\/%] g )dt = (

In this space with y;;, light rays are spatial geodesics in 3D Riemannian geometry.




Under the assumption of the asymptotic flatness

In limit as R — oo(Cy_,,, — a circle in Euclid)

K, At — dp
For non-asymptotic R and §,
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Gauss-Bonnet theorem becomes
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Geometrical expression for the deflection angle of light
Ishihara(H.A.)+ (2016,2017)
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This is a finite-distance extension of Gibbons and Werner (2008)

For axisymmetric extensions, see e.g. Ono+ (2017)



No need of asymptotic flatness Takizawa, Ono, H.A. (2020)
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Circle of radius 7, (the closest approach of the light ray)

P | for D
a:// KdS+/Sz<gdf+gbRS. r € |rg, rgl tor Dy
Do+ P, r € [ry, rq] for Dq

See Takizawa+(2020) for MK solution in Weyl conformal gravity



L ens Plane Source Plane

Takizawa, Ono, H.A. (2020)

Exact lens equation
(small angle approximations are not assumed)
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This is mathematically equivalent to Bozza (2008)
For extensions to dS/AdS backgrounds, See Takizawa and HA (2022)

Thank you!



