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Two-body dynamics
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[108, 110], and we de!ne dimensionless spin vectors through / !=Sm iii
2
, where here i  =  1,"2 

labels the black holes. We focus on two sequences of simulations. One sequence has mass 
ratio / == qmm5 12 and ! !=||=0.6 11

2, and the other sequence has q  =  7 with !=0.8 1. 
In both cases, we set !=0 2. These parameters were chosen so that the binary orbits might 
be modelled by motion in Kerr spacetime with mass m1 and spin parameter !1, together with 
radiation reaction effects and !nite mass ratio corrections to the motion. By selecting two 
choices of BH parameters we have some freedom to investigate the effect of varying those 
parameters while keeping computational expense manageable.

For our two choices of () ! q,1 we ran two sets of simulations, using ‘low’ and ‘high’ ini-
tial eccentricities. We targeted the initial eccentricities by using simple Keplerian relations 
between the initial orbital separation and angular velocity of the binary at the moment of 
apastron passage, where we began our simulations. Speci!cally, the initial data solver takes 
as input an initial expansion factor ȧ0, an initial orbital frequency !0, and an initial coordinate 
separation distance D0. We set ȧ0 to zero in all cases, to !x the orbit at apastron. For a given 
initial distance D0, we target a Newtonian eccentricity eN, using the so-called ‘vis-viva’ equa-
tion"(which expresses energy conservation for the orbit) at apastron,
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to solve for the appropriate !0. We chose eN  =  0.2 for our ‘low eccentricity’ and eN  =  0.3 for 
our ‘high’ eccentricity runs.

The initial separation D0, together with the achieved eccentricity e and the mass ratio q, 
controls the length of the inspiral. In order to facilitate accurate frequency extraction we set 
the simulations to be quite long, using initial distances D0 of 19.5M and 21.125M. This gave 
the same initial Newtonian semi-major axis of /() += DeM 116.25 N 0 for all of our simula-
tions, and they proceeded through !" 3060 radial oscillations before merger.

To investigate the effects of precession we ran each simulations for each of the above choices 
of () ! q,1 and eN three times, initializing the spin vector !1 to form angles of ! 0, ! 10, and ! 20 with 
the computational z-axis in the ! == q5,0.6 1 cases and ! 0, ! 40, and ! 80 in the q  =  7, !=0.8 1 
cases. The z-axis is normal to the initial orbital plane. These choices of initial inclinations of 
the orbital plane to the spin of the more massive hole spans the full range of orbits from the 
perspective of motion in Kerr, from equatorial to near-equatorial to nearly polar orbits. Figure"1 
plots the trajectories for portions of two of our q  =  7, high eccentricity orbits.

Figure 1. Coordinate trajectories for two q  =  7, !=0.8 1, high eccentricity simulations. 
Left: An equatorial inspiral, depicted up to the !nal orbit before merger. Right: About 
28 periastron passages from the middle of an inspiral with a ! 40 inclination. Both panels 
show a 3-dimensional perspective view.

2 Note that for coordinate simulation quantities such as ! we use a #at Euclidean norm.
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Figure 1: Simulation of the inspiral and merger of two black holes consistent with the first
GW detection GW150914 [1]. These images are snapshots of an animation displayed in the
press conference announcing the first observation of gravitational waves. Each image shows a
composite of several aspects of the simulation: The colorful plane represents the instantaneous
orbital plane, where the red/yellow/green color-coding near the center indicates the rate of
flow of time (red being slowest) and the blue/pruple colors represent outgoing gravitational
waves. The height of the surface is related to the spatial Ricci-scalar of the spatial metric,
and gives an impression of the curvature of space. The horizons of the two black holes are
shown somewhat o↵set from the plane. The top left corner indicates the time in second of
each frame, relative to merger. Simulation performed on GPC under a previous Compute
Canada resource allocation.

electro-magnetic astronomy. LIGO relies on knowledge of the expected gravitational wave-
forms for matched-filtering detection algorithms (e.g.[2]) and for Monte-Carlo-Markov-Chain
parameter estimation [3]. Furthermore, a detailed understanding of coincident electromag-
netic and neutrino emission will help identify electromagnetic counterparts and maximize
the information one can learn from coincident GW and electro-magnetic observations of
astrophysical systems.

The PI’s research group has a long track record of numerical simulations of compact
object binaries to support GW astronomy. As explained in more depth in Section 5,
the waveform templates used to identify the GWs, to perform parameter estimation, and
to test general relativity are all based on computations performed at Compute Canada.
Validation-studies after the GW discoveries are also based on waveforms either computed
in Canada (see Figure 1), or are computed elsewhere with computer codes developed in
Canada.
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Redshift invariant

• “Pseudo-invariant” quantity in SF 
and PN approx 

• Compare methods, codes, re-
expand across domains 

• Connections to binding energy 

• Bootstrap higher order predictions 

• Calibrate EOB models
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Redshift factor for BHs
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Redshift factor in NR
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Redshift factor in NR
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3. Mass ratio rescaling

Finally, in Fig. 9 we collect all the NR results discussed previously, together with the pre-
dictions from black hole perturbation theory in each case, following the mass-ratio rescaling
introduced in Sec. VC. Remarkably, the rescaled perturbative predictions (5.11)–(5.12) are
in excellent agreement with the NR data in all cases, for both black holes. The agreement in
the equal-mass case (black curve and symbols) is especially stricking. Indeed, the rescaled
linear perturbative predictions are compatible with the nonlinear results (agreement within
the NR error bars) over most of the frequency range. The largest disagreement occures for
the smallest black hole, for a mass ratio qµ = 1/10, for which the relative di↵erence grows
up to ⇠ 3% at r⌦ ⇠ 3µ. Restricting ourselves to physically relevant orbits below the ICO,
the agreement reaches the 0.3% level or better for all mass ratios considered.
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FIG. 9. Same as in Figs. 6, 7 and 8, all binary configurations combined. The solid curves show the
predictions from linear black hole perturbation theory, following the mass-ratio rescaling discussed
in Sec. VC, as given in Eqs. (5.11)–(5.12).

This illustrates, once again, that the domain of validity of black hole perturbative calcu-
lations appears to extend well beyond the extreme mass-ratio limit. As argued in Ref. [34],
this opens the exciting prospect of using black hole perturbation theory and the GSF frame-
work to model the gravitational-wave emission from intermediate mass-ratio inspirals, or
even compact binaries with comparable masses.
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Redshift for inspiraling BBHs
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FIG. 3. Uncorrected redshifts (thin lines), displaying the CoM
motion-induced oscillations. Also plotted are the corrected
redshifts (thick lines) and upper and lower envelopes (dashed
lines), found using the sampling method. The envelopes are
quadratic splines through the z(mA⌦co(ti)) points defined by
⌦coor(ti)� ⌦B,coor(ti) = 0. The amplitude of the oscillations
is larger for higher q (smaller mass ratio). The modulations
in the envelope are consistent with the residual eccentricity.

the gauge-dependent quantity ~r defined with respect to
the simulation coordinates. The relative di↵erences be-
tween ⌦22, ⌦circ and ⌦co are below 0.01% for all of the
inspiral (before the ISCO frequency M⌦ISCO = 6�3/2).
We also see that ⌦22 approaches ⌦co for more equal mass
ratios. In contrast, ⌦circ approaches ⌦co for smaller mass
ratios (larger q). This is a desired behaviour, since at a
fixed frequency we expect smaller departures from cir-
cularity at smaller mass ratios (larger q). We speculate
that the reason that ⌦co better limits to the expected be-
havior at small mass ratios is that at these mass ratios,
where emission from higher angular harmonics is more
important, it better captures the overall phase evolution
of the binary than the leading l = 2, m = 2 mode. For
this reason we use ⌦co as the orbital frequency in our
SMR analysis. However we have checked that using ⌦22

or ⌦circ doesn’t substantially change any of the results
presented here. Results of the analysis using ⌦coor are
shown in Appendix A, and while this choice of frequency
shows larger discrepancies with our preferred choice ⌦co,
it does not change our main conclusions.

C. Correcting CoM-induced redshift oscillations

One challenge encountered by our analysis is that our
simulations exhibit center of mass (CoM) motion that in-
duces small oscillations in the extracted redshift. These
oscillations in zB(mA⌦co) are illustrated in Fig. 3 for a
subset of our simulations which clearly display this a↵ect.
The oscillations are quite small, and to display them we
first subtract out the geodesic predictions zSMR

0
. Nev-

FIG. 4. Trajectory of the smaller black hole center ~xB and
CoM ~xCoM in simulation coordinates. The points marked
with dots correspond to the “minima” of the redshift while
the crosses correspond to the “maxima”. One can see from
the figure that they roughly match the points where the small
black hole’s velocity is maximized and minimized by picking
up a contribution from the average CoM drift velocity.

ertheless they contaminate our SMR analysis, which re-
quires high precision. They do not appear to be due to
orbital eccentricity: they grow during the simulations, al-
though orbital eccentricity is expected to decay; further
they are generally larger than e2

0
e↵ects we would expect

from our initial eccentricities. We also plot the upper
and lower envelopes of the oscillation in Fig. 3, as well
as our final corrected values for the redshift, using the
procedure described below.
First, we argue that these oscillations are due to the

CoM motion. As discussed in Sec. II C the redshift fac-
tor relies on a normalization of the approximate HKVF at
asymptotic infinity, which requires a choice of an asymp-
totic inertial frame. In the PN approximation this frame
is centered with respect to to the binary’s center of mass
in the limit of large separation, and in the SMR approx-
imation it is centered around the larger black hole. By
contrast, in our NR simulations we cannot a priori pre-
cisely select the asymptotic inertial frame, and it is in
general di↵erent for each simulation. Di↵erent asymp-
totic inertial frames in general measure a di↵erent red-
shift (provided there is a map of asymptotic quantities
onto the horizon, which there is if one assumes a HKVF).
The coordinate motion of the Newtonian center of

mass illustrates the CoM motion. We can see the binary
drifting away from the origin while exhibiting epicyclic
motion for our q = 8.5 simulation in the inset of Fig. 4.
This motion is a clear sign that the Killing field in
Eq. (13) is not centered with respect to the simulation’s

Navarro Albalat, AZ, Giesler, Scheel (2022)
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cycle and a rolling linear fit over an orbital cycle. We
find that the sampling method performs best, and we
use it for our fiducial analysis, but we present the other
methods and a comparison between them and our q = 4
SHK simulation in Appendix B. For all of the methods we
use the local measure of the orbital frequency ⌦ = ⌦coor

to correct the redshift. This choice was made because the
oscillations were found to correlate with ⌦coor better than
with ⌦co. However, when analyzing the corrected z(t) as
a function of ⌦(t), we choose ⌦ = ⌦co. The di↵erence
between the two choices (⌦co vs ⌦coor) is shown in the
upper panel of Fig. 6 after subtracting zSMR

0
. Our choice

of z(mA⌦co) is further justified by the behaviour at large
frequency, where we expect the redshift to decrease as
the smaller black hole plunges into the larger, as occurs
in the geodesic limit.

Figure 3 shows the resulting envelopes for a range of
mass ratios as a function of mA⌦co. We observed that
SKS simulations show more oscillations than the SHK.
This is expected since SKS initial data has more junk
radiation which can add initial momentum to the binary
than seen in SHK simulations [67]. For the SKS simu-
lations, oscillations also tend to be more prominent for
lower mass ratios (higher q). The small modulations on
the envelopes, more noticeable at low frequencies, are
well correlated with the presence of small initial eccen-
tricity.

Figures 7 and 8 show the corrected redshift curves
that are used in the SMR analysis alongside the SMR
predictions. The lower panels in those figures show the
resulting curves after subtracting the leading SMR pre-
diction and dividing by the mass ratio. Note that the
GSF predictions give za as a function of the dimension-
less frequencymA⌦, not the natural frequencyM⌦ of the
simulations. Thus when plotting multiple simulations to-
gether, a fixed mA⌦co represents a later portion of the
simulation for more equal-mass binaries than for lower
mass ratios. Meanwhile, our methods cannot capture the
plunge dynamics near ISCO. Therefore, the range of fre-
quencies we can treat is limited by when our equal-mass
simulations approach the ISCO frequency. On the other
hand, we can provide results to higher frequencies when
plotting against m⌦co. Similarly, the lowest frequencies
we can access are controlled by the lowest frequencies
achieved across our simulations, which is limited by the
simulations with lowest mass ratio (highest q).

In the upper panel of Fig. 7 we see the clear cluster-
ing of the curves toward the test particle predictions as
we move to smaller mass ratios (larger q). In the lower
panel, we similarly see the convergence of these curves to
the known first SMR correction computed from GSF at
low mass ratios, with the di↵erence between each simu-
lation and the dashed curve illustrating as-yet-unknown
second-order and higher SMR corrections. Meanwhile, in
Fig. 8 we again see the convergence in the upper panel
to the leading-order, trivial prediction zSMR

A,0 = 1 for the
larger black hole. The lower panel shows simultaneously
the convergence to the first SMR correction of zA, and

FIG. 7. Upper panel: Corrected zB for all mass ratios
in Table I and the leading (geodesic) SMR prediction. The
two highest resolutions for each simulation are plotted in the
figure. Bottom panel: Corrected zB after subtracting the
leading (geodesic) SMR prediction and multiplying by the
expected q scaling. zSMR

1 (dashed line) is the prediction from
self-force calculations. The two highest resolutions for each
simulation are plotted in the figure.

the remarkable fact that higher order corrections are nu-
merically very small. In the next section, we show that
these extracted redshift factors have a consistent SMR
expansion in powers of the small mass ratio ✏, compare
them to PN and GSF predictions, and measure both non-
adiabatic corrections to these predictions and unknown,
higher order terms in the SMR expansion.

IV. RESULTS

A. SMR limit in NR and PN comparisons

As discussed in Sec. II A, the redshift factor for a point
particle on a circular orbit is a well-defined invariant of
the conservative dynamics. In a PN expansion, one can
derive it from the 3.5PN metric [74] after neglecting the
radiation reaction terms at 2.5PN and 3.5PN order and
using the definition

za =
d⌧a
dt

=
q

�gµ⌫(xa)u
µ
au⌫

a , (25)



Extracting SMR limit from NR
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FIG. 13. Upper two panels: extracted coe�cients from the
NR fit (colored bands) and the SMR predictions. Dashed line
corresponds to the 21.5PN formula for zSMR

B,1 . Dotted lines
represent the SMR coe�cient generated from the 3PN red-
shift series. Bottom panel: di↵erence between the leading
order SMR prediction and the extracted zNR

0 coe�cient from
the NR fit with N = 5. The color bands correspond to a
conservative error estimated by the range of repeated calcu-
lations using: a lower resolution, N = 4 fit and one-sigma
deviation from the N = 5 fit.

Remarkably, for the range of frequencies analyzed here,
the leading order coe�cient zNR

0
of the fit agrees at

the level of a 10�5 relative di↵erence with zSMR
0

. The
next coe�cient, zNR

1
, deviates from the SMR predic-

tion at the level of non-adiabatic contributions which are
2% . ⌦̇/⌦2 . 10% for the equal mass binary. We see
that zNR

2
, which is currently unavailable from GSF calcu-

lations, agrees at the same level with the SMR prediction
generated from the 3PN series. We also find that higher
order coe�cients alternate in sign and decrease in mag-
nitude.

C. Result of calibrating the fits for zB with zSMR
0

The agreement between zNR
0

and zSMR
0

suggests that
we can use the leading SMR result to calibrate our fit
by fitting instead the residuals after subtracting zSMR

0
.

This is equivalent to forcing the fits through the SMR

prediction at ✏ = 0. This calibration is further justified
by noting that non-adiabatic e↵ects are not expected to
have an e↵ect at leading order, ⌦̇/⌦2 = O(✏).

Figure 14 shows the fit to (zNR
0

� zSMR
0

)✏�1. The in-
tercept of the new fit corresponds to zNR

1
. The extracted

coe�cients as a function of mA⌦ after this calibration
are given in Fig. 15. The error bars are estimated in
the same way as for the uncalibrated fit. After calibrat-
ing the fit, the predicted coe�cients don’t change sig-
nificantly, however the error bands are significantly re-
duced. From the calibrated fit one can more confidently
see that there is a deviation from the zSMR

1
conserva-

tive prediction. This percent-level deviation is consistent
with non-adiabatic e↵ects of the same order. This is also
the reason why we do not further calibrate our fits us-
ing zSMR

1
. Finally, although they agree within the NR

error bars, the di↵erence between zNR
2

and zSMR(3PN)

2

and zNR
3

and zSMR(3PN)

3
is also consistent with this non-

adiabatic e↵ect. The higher order terms zNR
4

and zNR
5

extracted here show a clear departure from their corre-
sponding 3PN prediction. Although we do not have the
same level of confidence in our fits to these higher-order
coe�cients, we speculate that they are consistent with
an alternating, convergent series even for ✏ = 1. How-
ever, more accurate measurements of higher-order coe�-
cients would be required to establish that. As an aside,
we point out that this alternating-in-sign behaviour is re-
produced by the SMR expansion of the conservative 3PN
redshift series, shown as dashed lines in Fig. 15. There,
as opposed to the NR result, successive higher order co-
e�cients increase in magnitude.

D. Re-expansion in the symmetric mass ratio ⌫

Previous comparisons between the SMR approxima-
tions and NR have suggested that a re-expansion of
the SMR series in terms of the symmetric mass ratio
⌫ can extend the regime of validity of the SMR series to
comparable-mass binaries. Especially promising are in-
dications that O(✏) predictions provide good agreement
with NR results. A common feature of the quantities
for which the ⌫ re-expansion is e↵ective is the symmetry
under the exchange mA $ mB (e.g. binding energy, pe-
riastron advance, gravitational wave phase). The quan-
tities zA(mA⌦) and zB(mA⌦) separately don’t have this
property. However the sum of the two Z := zA + zB
as a function of m⌦ is invariant under this transfor-
mation. Moreover, Ref. [43] shows the first law im-
plies that the redshift factors take the schematic form
za = f(⌫, x)±g(⌫, x)

p
1� 4⌫, with + selecting the larger

body and � the smaller. This suggests that the direct
sum of the two redshifts cancels part of the ⌫ dependence.
These facts motivate us to explore the simple sum Z in
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of the residuals of the other simulations, we omit them
from our SMR fits in Sec. IVB. In the future, higher reso-
lution simulations at high q, and using alternative initial
data prescriptions, may provide key confirmation of our
findings at lower q.

We stress that the results of these PN comparisons are
consistent with the appearance of dissipative e↵ects at
2.5PN. To account for dissipation e↵ects of O(✏), when
comparing to conservative SMR predictions in the next
section we must adopt an agnostic strategy. Instead of
subtracting the successive SMR predictions to our NR
data and analysing their residuals, we fit the NR redshift
data directly to a series expansion in ✏, only afterward
comparing the resulting coe�cients of the fit to the SMR
adiabatic prediction. As we shall see, the leading SMR
prediction is recovered to great accuracy, which allows us
to repeat the fit after calibrating with the leading order
prediction. This is not the case at the next-to-leading
order.

B. Extracting the SMR approximation from NR
for the smaller black hole

In the SMR approximation the redshift of the small
black hole is written as a series expansion in integer pow-
ers of the mass ratio ✏ of the form

zB =
NX

k=0

✏kzk(mA⌦) . (26)

The leading term in this series, zSMR
0

(mA⌦), corresponds
to the smaller black hole’s “e↵ective” center of mass mov-
ing on a circular geodesic, and is given by Eq. (3). To find
the linear correction zSMR

1
(mA⌦), one typically solves

the linearized Einstein equation sourced by the circular
geodesic. This first-order redshift is given by Eq. (5). Go-
ing beyond linear order implies solving successive higher
order approximations to the Einstein equation.

Note that outside of the radius of convergence of
Eq. (26), there is no guarantee that a fit of the data to
a power series should recover the SMR approximation.
In other words, we should be cautious in extrapolating
the NR data to ✏ = 0 and drawing conclusions about the
SMR coe�cients from this. Only if Eq. (26) converges
to the exact result for all mass ratios we are guaranteed
to recover the “true” coe�cients from NR fits. Our re-
sults suggest that this is in fact the case. To validate
our extrapolation method we provide convergence tests
in Appendix C.

In order to extract the SMR coe�cients from our NR
data we do the following: at a fixed mA⌦, we perform a
least squares fit of the redshift to Eq. (26) for di↵erent
values of N . Figure 12 shows the results of these fits for
the (lowest available) reference frequency, mA⌦ = 0.018.
The N = 1, 2, 3 fits clearly leave behind features in the
data, seen as structures in the residuals in the middle
panel of Fig. 12. The residuals for the N = 4, 5 fits
meanwhile do not seem to favor one over the other.

FIG. 12. Upper panel: NR fits for N = 2, 3, 4, 5 at a fixed
mA⌦ = 0.018 (solid lines) and the SMR predictions (dashed
lines). Middle panel: residuals of the N = 2, 3. Bottom
panel: residuals of the N = 4, 5. Shaded area corresponds to
the di↵erence between the two highest resolutions available.

It is tempting to select N = 4 to avoid overfitting the
data. However, a more careful study of the convergence
of the fit coe�cients with N shows that they converge ex-
ponentially for our highest resolution simulations up until
N = 5. Beyond this, we do not see convergence with in-
creasing N . In addition, we employ several metrics of
goodness of fit (AIC, BIC, and the adjusted R-squared
tests). These show improvement until N = 4, with no
improvement beyond this. Our final, decisive criterion is
seen in the inset of the top panel of Fig. 12: we continue
to see convergence of the fitted zB to the geodesic pre-
diction in the ✏ ! 0 limit until N = 5. For these reasons,
we conclude that N = 5 terms are required in our SMR
fit. We present our convergence tests in Appendix C.

Figure 13 shows the extracted values of the coe�cients
for N = 5 fit for zB(mA⌦). The error bands correspond
to the largest of: the range in variation in these coe�-
cients obtained by repeating the fit using a lower reso-
lution while keeping N = 5 and in repeating the fit at
the highest high resolution but using N = 4; and the
one-sigma deviation obtained from the high resolution
(N = 5) least squares fit. These fits are one of the pri-
mary results of our study.
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improvement beyond this. Our final, decisive criterion is
seen in the inset of the top panel of Fig. 12: we continue
to see convergence of the fitted zB to the geodesic pre-
diction in the ✏ ! 0 limit until N = 5. For these reasons,
we conclude that N = 5 terms are required in our SMR
fit. We present our convergence tests in Appendix C.

Figure 13 shows the extracted values of the coe�cients
for N = 5 fit for zB(mA⌦). The error bands correspond
to the largest of: the range in variation in these coe�-
cients obtained by repeating the fit using a lower reso-
lution while keeping N = 5 and in repeating the fit at
the highest high resolution but using N = 4; and the
one-sigma deviation obtained from the high resolution
(N = 5) least squares fit. These fits are one of the pri-
mary results of our study.
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of the residuals of the other simulations, we omit them
from our SMR fits in Sec. IVB. In the future, higher reso-
lution simulations at high q, and using alternative initial
data prescriptions, may provide key confirmation of our
findings at lower q.

We stress that the results of these PN comparisons are
consistent with the appearance of dissipative e↵ects at
2.5PN. To account for dissipation e↵ects of O(✏), when
comparing to conservative SMR predictions in the next
section we must adopt an agnostic strategy. Instead of
subtracting the successive SMR predictions to our NR
data and analysing their residuals, we fit the NR redshift
data directly to a series expansion in ✏, only afterward
comparing the resulting coe�cients of the fit to the SMR
adiabatic prediction. As we shall see, the leading SMR
prediction is recovered to great accuracy, which allows us
to repeat the fit after calibrating with the leading order
prediction. This is not the case at the next-to-leading
order.

B. Extracting the SMR approximation from NR
for the smaller black hole

In the SMR approximation the redshift of the small
black hole is written as a series expansion in integer pow-
ers of the mass ratio ✏ of the form

zB =
NX

k=0

✏kzk(mA⌦) . (26)

The leading term in this series, zSMR
0

(mA⌦), corresponds
to the smaller black hole’s “e↵ective” center of mass mov-
ing on a circular geodesic, and is given by Eq. (3). To find
the linear correction zSMR

1
(mA⌦), one typically solves

the linearized Einstein equation sourced by the circular
geodesic. This first-order redshift is given by Eq. (5). Go-
ing beyond linear order implies solving successive higher
order approximations to the Einstein equation.

Note that outside of the radius of convergence of
Eq. (26), there is no guarantee that a fit of the data to
a power series should recover the SMR approximation.
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the NR data to ✏ = 0 and drawing conclusions about the
SMR coe�cients from this. Only if Eq. (26) converges
to the exact result for all mass ratios we are guaranteed
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sults suggest that this is in fact the case. To validate
our extrapolation method we provide convergence tests
in Appendix C.

In order to extract the SMR coe�cients from our NR
data we do the following: at a fixed mA⌦, we perform a
least squares fit of the redshift to Eq. (26) for di↵erent
values of N . Figure 12 shows the results of these fits for
the (lowest available) reference frequency, mA⌦ = 0.018.
The N = 1, 2, 3 fits clearly leave behind features in the
data, seen as structures in the residuals in the middle
panel of Fig. 12. The residuals for the N = 4, 5 fits
meanwhile do not seem to favor one over the other.

FIG. 12. Upper panel: NR fits for N = 2, 3, 4, 5 at a fixed
mA⌦ = 0.018 (solid lines) and the SMR predictions (dashed
lines). Middle panel: residuals of the N = 2, 3. Bottom
panel: residuals of the N = 4, 5. Shaded area corresponds to
the di↵erence between the two highest resolutions available.

It is tempting to select N = 4 to avoid overfitting the
data. However, a more careful study of the convergence
of the fit coe�cients with N shows that they converge ex-
ponentially for our highest resolution simulations up until
N = 5. Beyond this, we do not see convergence with in-
creasing N . In addition, we employ several metrics of
goodness of fit (AIC, BIC, and the adjusted R-squared
tests). These show improvement until N = 4, with no
improvement beyond this. Our final, decisive criterion is
seen in the inset of the top panel of Fig. 12: we continue
to see convergence of the fitted zB to the geodesic pre-
diction in the ✏ ! 0 limit until N = 5. For these reasons,
we conclude that N = 5 terms are required in our SMR
fit. We present our convergence tests in Appendix C.

Figure 13 shows the extracted values of the coe�cients
for N = 5 fit for zB(mA⌦). The error bands correspond
to the largest of: the range in variation in these coe�-
cients obtained by repeating the fit using a lower reso-
lution while keeping N = 5 and in repeating the fit at
the highest high resolution but using N = 4; and the
one-sigma deviation obtained from the high resolution
(N = 5) least squares fit. These fits are one of the pri-
mary results of our study.
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FIG. 14. Upper panel: Calibrated NR fits for N = 3, 4, 5
at a fixed mA⌦ = 0.018 (solid lines) and the SMR prediction
(dashed line). Middle panel: residuals of the N = 3, 4 fits.
Bottom panel: residuals of the N = 4, 5 fits. Shaded area cor-
responds to the di↵erence between the two highest resolutions
available.

our simulations, and expand it in terms of ⌫ as

Z(m⌦) := zA + zB =
NX

k=0

⌫kZk . (27)

We verified that an attempt to fit za to an integer power
series in ⌫ shows no convergence, which is justified by
the expected functional dependence of za on

p
1� 4⌫, as

discussed above and in [43].
The coe�cients Z0 and Z1 are known in the SMR ap-

proximation and are given by Eqs. (3), (5), (10) and (11)
after re-expanding them in terms of m⌦. This requires
taking into account an extra O(✏) term from expanding
mA = m(1 � ✏) + O(✏2) in zSMR

B,0 (mA⌦). This is exactly

cancelled by the first order term zSMR

A,1 (m⌦) due to the
first law equality

@zB
@mA

=
@zA
@mB

, (28)

which is a convenient feature of Z.
In Figure 16 we show Z as a function of the symmetric

mass ratio at a reference m⌦ = 0.022 (the lowest avail-
able for all mass ratios to have achieved relaxation time).

FIG. 15. Upper two panels: extracted coe�cients from
the calibrated NR fit (colored bands) and the SMR predic-
tions (dotted lines) generated from the 3PN series. Bottom
panel: relative di↵erence between the zSMR

1 prediction and
the extracted zNR

1 coe�cient. The color bands correspond to
a conservative error estimated by the range of repeated cal-
culations using: a lower resolution, N = 4 fit and one-sigma
deviation from the N = 5 fit.

The distinct linear trend in the data is a clear indication
that the O(⌫) term alone captures most of the variation
across all mass ratios, including the equal mass case, and
that O(⌫2) corrections are very small. From this and a
convergence study of the coe�cients Zk (Appendix C),
we conclude that N = 2 terms are su�cient for fitting
our data.
Figure 17 shows the NR-predicted value of the coef-

ficients truncating the series at N = 2 for a range of
frequencies up to the geodesic ISCO frequency, as well
as the SMR predictions and our estimated error bands.
This lower-order polynomial fit for Z is more stable to
variations in the data, it gives comparable results even if
we do not correct for the CoM-induced oscillations dis-
cussed in Sec III C, and so we also show the results of the
fit if we don’t correct for the oscillations (thin lines). The
midline trend of the oscillating, uncorrected coe�cients
is consistent with our corrected results.
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FIG. 16. Upper panel: NR fits for N = 1, 2 at a fixed
m⌦ = 0.022 (solid lines) and the SMR predictions (dashed
lines). Bottom panel: residuals of the N = 1, 2 fits (blue and
orange) and the residuals with respect to the SMR prediction
(black). The SMR residuals follow a linear trend, illustrating
the missing O(⌫) non-adiabatic contribution. Shaded area
corresponds to the di↵erence between the two highest resolu-
tions available.

We find good agreement between our fit coe�cients
and the leading O(⌫0) prediction (bottom panel) up to
a few cycles before merger, where we expect the quasi-
circular approximation to break down. Similarly note
the smallness of the O(⌫2) coe�cient and good agree-
ment with its PN predicted value. Finally, note how
NR predicted O(⌫) coe�cient approaches the SMR pre-
diction towards the more adiabatic region of the inspi-
ral (lower frequencies) while the disagreement grows to-
wards the less adiabatic region (higher frequencies). The
percent-level deviations from the conservative prediction
are again consistent with the non-adiabaticity of the sys-
tem as measured by ⌦̇/⌦2 in Fig. 9.

V. CONCLUSIONS

In this work we give a detailed analysis of the Detweiler
redshift factor as extracted from NR simulations using
the surface gravity on apparent horizons. We find that
CoM motion imprints small oscillations in the extracted

FIG. 17. Upper panel: extracted coe�cients from the NR fit
(colored bands) and the SMR predictions (dashed and dotted
lines). Bottom panel: di↵erence between the leading order
SMR prediction and the extracted ZNR

0 coe�cient from the
NR fit with N = 2. The color bands correspond to a conser-
vative error estimated by the range of repeated calculations
using: a lower resolution, N = 1 fit and one-sigma deviation
from the N = 2 fit.

redshifts, and demonstrate a method for removing these
e↵ects. With our corrected redshift factors, we give a de-
tailed analysis showing that the NR results admit a con-
sistent SMR expansion including good agreement with
analytic predictions and a clear measurement of the im-
print of non-adiabatic e↵ects on the redshift beginning
at O(✏).

By fitting the NR redshift to a series expansion in ✏ we
recover with great accuracy the leading (geodesic) coef-
ficient of the SMR approximation, when fitting the data
to a N = 5 polynomial. This gives us confidence in our
SMR extraction procedure and allowed us to estimate
the value of higher order coe�cients. In particular, we
provide a prediction for the O(✏2) term in the SMR ex-
pansion, which has not been predicted by GSF meth-
ods to date. When considering the symmetric quantity
Z := zA + zB , a re-expansion in ⌫ is very e↵ective, with
the O(⌫) term capturing most variability in the data. In
all cases, the disagreement that we observe at first order
with the conservative SMR predictions is consistent with
percent-level non-adiabatic e↵ects at the same order.

Similar analysis of the SMR limit in NR have been
done in the past. Some of the earliest analyses treated
quantities measured locally by the trajectories, such as
the periastron advance [17] or other ratios of orbital fre-
quencies [75], but which can in principle be measured
from gravitational waves at infinity. Many others con-
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• Geodesic limit directly from NR 

• Slow convergence for redshift expansion 

• Fast convergence for symmetric combo 

• Evidence: SMR approximation to two-body 
problem accurate for equal mass systems 

• Future directions 

• Spinning BHs 

• Transition modeling: push through ISCO
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FIG. 3. Subleading coe�cients of the transition expansion
for E0(R⌦) from a fit to our NR data, fixing the first two
coe�cients. The solid lines correspond to the result of the
fit with terms up to O(⌫8/5), and include our estimated un-
certainties. The dashed color lines represent the result of the
fit including a O(⌫9/5) term where 2GSF e↵ects first enter.
This term (bottom panel) is consistent with zero within our
uncertainties.

to the inspiral region (but see also [52]). We first re-
visit the applicability of the adiabatic SMR expansion
during the inspiral, showing that our simulations are in
good agreement with SMR predictions augmented with
the FLBM. The agreement with the FLBM is limited
to r⌦ & 10, and we find that the failure to recover the
FLBM result can be explained by the onset of transition
dynamics at around r⌦ . 10.

Our analysis shows that using a transition expansion
in fractional powers for the binding energy and angular
momentum as functions of R⌦ ⌘ ⌫

�2/5(r⌦ � risco), we
can fit the NR data and recover the leading-order SMR
result [26, 70] in a region of width 2 & R⌦ & 7 around the
ISCO. We find that terms up to O(⌫8/5) are necessary
to recover this result from NR, and we give a prediction
for the value of the higher-order coe�cients. We also
show that the O(⌫9/5) contribution is zero to within our
uncertainties, suggesting that the 2GSF contributions to
the binding energy during transition may be small.

Our results are summarized in Fig. 4, which shows the
NR data for dE/dr⌦, for three binaries with q = 1, q = 5,

FIG. 4. Depiction of the domains of applicability of each ex-
pansion for a sample of mass ratios q = 1, 5, 20. We plot
dE/dr⌦ from the NR data after removing the oscillations
(blue), the raw NR data (light gray), the inspiral prediction
from the FLBM (dashed red lines), and the transition ex-
pansion resulting from our fit, excluding O(⌫9/5) and higher)
(black dashed lines) The markers indicate the number of GW
cycles left before merger: 1 (circle), 2 (down-triangle), 4 (di-
amond), 6 (up-triangle) and 10 (square). A combination of
the analytic inspiral approximation and transition dynamics
including 1GSF information models the binding energy accu-
rately up until the final 1-2 GW cycles.

and q = 20. We compare our raw NR data with the
smoothed and filtered data that we fit, along with the
O(⌫)-accurate FLBM inspiral prediction and the results
of our transition fit up to O(⌫8/5). This illustrates the
failure of the inspiral treatment near ISCO for higher
q, the narrowing of the transition region with increasing
q, and the fact that a combination of the two treatments
describes the energy accurately until the last cycle before
merger in all cases, with only 1GSF information.
This result provides the next step in bridging the SMR

and the comparable-mass regions of the parameter space.
It provides compelling evidence that one can continue
to model two-body dynamics using 1GSF theory, aug-
mented by the FLBM, to less than a cycle before merger.
This work points to a number of future directions. The
next step would be to extend this analysis to add tran-
sition e↵ects in the GW phasing, and extend the results
of [58] to merger. SMR predictions in this regime would
be enabled by combining transition modeling [78] with
2GSF-accurate fluxes [44] and waveforms [45].
It then is critical to address systems which include

spin, first for aligned-spin systems with an SMR expan-
sion around Kerr, but eventually for systems with pre-
cessing orbit. Another promising direction would be to
go beyond the quasicircular approximation and examine
eccentric binaries. These areas represent the frontier of
2GSF calculations, and if achieved could provide a com-
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evidence for the accuracy of the FLBM during inspiral.
In the future, it would be interesting to see whether the
FLBM continues to be accurate through orderO(⌫2) dur-
ing the inspiral. This would require a calculation of the
2GSF conservative redshift z2GSF [90].

Transition expansion – Using an SMR expansion
around the Schwarzschild metric, the binding energy and
radius of the orbit during the transition take the form [79]

E = E⇤ + ⌦⇤[⌫
4/5

⇠(⌫, s) + ⌫
6/5

Y (⌫, s)] , (7)

r = r⇤ + ⌫
2/5

R(⌫, s) . (8)

where s ⌘ ⌫
1/5(⌧ � ⌧⇤) is the transition time parameter.

The transition variables can be expanded in fractional
powers of ⌫,

⇠ =
X

⇠i⌫
i/5

, Y =
X

Yi⌫
i/5

, R =
X

Ri⌫
i/5

. (9)

The transition equations provide a method for iteratively
solving for each of ⇠i, Ri and Yi, with their boundary
conditions fixed by matching to the adiabatic inspiral at
early times s ! �1. They also take as input the self-
force Fµ in the neighborhood of r⇤. For example, angular
momentum conservation reveals ⇠ = F

1
� |r⇤s + O(⌫2/5)

[79]. For the self-force F
1
� |r⇤ , we use first-order flux data

at the ISCO, taken from [74, 91]. Note that our gauge-
invariant R⌦ di↵ers from R at O(⌫2/5),and throughout
we have re-expanded the small parameter 1/q in terms of
⌫, which alters the usual transition expansion at O(⌫9/5).
This means that our final fitted transition functions di↵er
from those of [78, 79] beyond the leading order. For our
analysis we numerically solve for the leading order terms
R0(s) and ⇠0(s). We give the leading transition equations
we use in the Appendix. Note that 2GSF corrections
enter at O(⌫9/5).

Transition results – For the transition analysis we fol-
low the same method as for the inspiral but we fit the
NR data at fixed R⌦ to the fractional power expansion

E
0(R⌦) =

X

i=4

E
0
i/5(R⌦)⌫

i/5
. (10)

Following the expectation from Eq. 7, we set E
0
5/5 = 0

in our first fit. We then let imax = 8, which guarantees
the stability of the fit, and which is enough to fit the
NR data without leaving any structure in the residuals.
Figure 2 shows the results of the transition coe�cients
E

0
4/5 from this fit. We see that the leading SMR result is

in excellent agreement for a range of radius corresponding
to 2 & R⌦ & 7, confirming the presence of the predicted
transition dynamics even at comparable masses.

Having confirmed that the leading SMR prediction can
be recovered purely from the NR data, we next fit the
residual between E

0 and the leading analytic prediction,
⌫
4/5⌦⇤d⇠0/dR0. In principle, this leading subtraction is

not accurate through O(⌫), and can artificially introduce

FIG. 2. Top panel: Leading order coe�cient E0
4/5(R⌦) of

the transition expansion of E0(R⌦) obtained from the NR fit
(blue) compared to the leading-order SMR prediction (red).
The recovery of the analytic prediction gives direct evidence
for transition dynamics in comparable-mass NR simulations.
Bottom panel: Di↵erence between the SMR transition predic-
tion and the NR result.

a term at E0
5/5. As such, we first fit the NR data includ-

ing this coe�cient, and find the result is fully consistent
with E

0
5/5 = 0, with the remaining coe�cients nonva-

nishing [92]. We then again set E
0
5/5 = 0 and fit the

scaled residual [E0
� ⌫

4/5
E

SMR
4/5 ]⌫�2/5. This allows us

to extract accurate coe�cients using either imax = 8 or
imax = 9, with the latter providing an estimate for the
O(⌫9/5) term.

Figure 3 shows the resulting higher-order coe�cients.
One can see a general trend where the coe�cients are
comparable to E4/5(R⌦) in a region around ISCO but
grow towards larger R⌦, consistent with a possible break-
down of the transition expansion towards inspiral. The
coe�cient E0

7/5 is consistently larger than E
0
6/5 and sim-

ilar in magnitude to E
0
8/5, which is why we require terms

up to E0
8/5 to recover the leading-order result and why the

leading result alone is never accurate at these mass ratios.
Meanwhile we see that including E

0
9/5 doesn’t introduce

any systematic deviation in the lower order coe�cients.
Including it seems to worsen the fits, possible by overfit-
ting the residual oscillations, and itself is consistent with
zero. Our transition expansion fails for R⌦ & 7, as is
clear from the failure to recover the leading-order result
in Fig. 2, and the blow-up of the subleading coe�cients
in Fig. 3.

Conclusions – We have analyzed for the first time the
SMR limit from nonspinning, quasicircular NR simula-
tions in the transition region around the ISCO. Our work
extends previous analysis of the validity of the SMR ap-
proximation at comparable masses, which were restricted
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pansion for a sample of mass ratios q = 1, 5, 20. We plot
dE/dr⌦ from the NR data after removing the oscillations
(blue), the raw NR data (light gray), the inspiral prediction
from the FLBM (dashed red lines), and the transition ex-
pansion resulting from our fit, excluding O(⌫9/5) and higher)
(black dashed lines) The markers indicate the number of GW
cycles left before merger: 1 (circle), 2 (down-triangle), 4 (di-
amond), 6 (up-triangle) and 10 (square). A combination of
the analytic inspiral approximation and transition dynamics
including 1GSF information models the binding energy accu-
rately up until the final 1-2 GW cycles.

and q = 20. We compare our raw NR data with the
smoothed and filtered data that we fit, along with the
O(⌫)-accurate FLBM inspiral prediction and the results
of our transition fit up to O(⌫8/5). This illustrates the
failure of the inspiral treatment near ISCO for higher
q, the narrowing of the transition region with increasing
q, and the fact that a combination of the two treatments
describes the energy accurately until the last cycle before
merger in all cases, with only 1GSF information.
This result provides the next step in bridging the SMR

and the comparable-mass regions of the parameter space.
It provides compelling evidence that one can continue
to model two-body dynamics using 1GSF theory, aug-
mented by the FLBM, to less than a cycle before merger.
This work points to a number of future directions. The
next step would be to extend this analysis to add tran-
sition e↵ects in the GW phasing, and extend the results
of [58] to merger. SMR predictions in this regime would
be enabled by combining transition modeling [78] with
2GSF-accurate fluxes [44] and waveforms [45].
It then is critical to address systems which include

spin, first for aligned-spin systems with an SMR expan-
sion around Kerr, but eventually for systems with pre-
cessing orbit. Another promising direction would be to
go beyond the quasicircular approximation and examine
eccentric binaries. These areas represent the frontier of
2GSF calculations, and if achieved could provide a com-
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i.e., the contribution of all terms n " 2 in Eq. (3), with
overall ! scaling compensated. All R2! can be bounded
independent of mass ratio by an envelope function, con-
sisting of the known 3.5 PN terms of "2PA and a higher-
order polynomial in M! fitted by eye.
So far, we have expanded in symmetric mass ratio !,

while scaling orbital frequencies by total mass M
[cf. Eq. (3)]. One can also use the mass ratio q $
m2=m1 as the small parameter and/or scale orbital fre-
quency by the large body’s mass m1. This yields four
variations, all of which agree at the leading 0PA order.
Figure 3 presents the results for the 1PA and 2PA
contributions. In all four cases, the extracted 1PA and
2PA coefficients remain of similar magnitude, implying
that the expansion is not dominated by higher-order terms.
However, the 2PA term is remarkably small only when
expanding using the symmetric mass ratio ! and total mass
M. The choice !, M is indeed preferred as it is invariant
under exchange of the two bodies 1 ! 2 [20,72].
Discussion.—The phasing of inspiraling BH binaries is

of utmost importance for GW astronomy to find signals,
determine their parameters, and perform tests of general
relativity. Binaries at intermediate mass ratios q # 10!3 are
in a regime not accessible to NR, while potentially out of
reach for SMR perturbation theory. This situation is
compounded by the difficulty of calculations of the
SMR expansion, for which today only the leading order
(called the zeroth postadiabatic order) is fully known. Here,

we extract the first three terms of the SMR expansion from
NR simulations at comparable masses, q " 0.1, and use
these results to perform the first comparison between NR
and SMR expanded results for a gauge invariant quantity
that includes both dissipative and conservative effects,
namely, the accumulated orbital phase as a function of
orbital frequency ""M!#. We have successfully extracted
the postadiabatic expansion of this quantity as a power
series in the mass ratio from nonspinning quasicircular NR
simulations.
The leading adiabatic (0PA) term agrees with the result

from SMR calculations. In addition, we obtain a robust
determination of the 1PA term, serving as a concrete
prediction for the ongoing SMR calculation of this term,
which requires the dissipative part of the second-order
gravitational self-force. We also estimate the 2PA term "2PA
from the NR data. Its amplitude is comparable to "0PA and
"1PA for the frequency range considered here, indicating
that the PA expansion remains well behaved. In particular,
when the PA series is expanded in powers of the symmetric
mass ratio while keeping the total mass fixed, the 2PA and
higher-order terms are consistent with zero within the
numerical accuracy for 0.015"M!" 0.05. For higher
frequencies (approaching the last stable circular orbit), we
find indications of a transition regime to plunge where the
series in integer powers of ! is no longer applicable.
Our analysis allows us to delineate the regions of

applicability of SMR, NR, and PN in a quantitative way,
as shown in Fig. 4: Assuming "1PA will become available
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FIG. 3. Impact of the choice of expansion parameters on the
1PA and 2PA contributions to the orbital phasing. The different
curves differ in whether in Eq. (3) is expanded in powers of ! or in
q and whether the " functions are written in terms ofM! orm1!.
The combination !;M! yields an exceptionally small 2PA term
at low frequencies.

FIG. 4. Region of applicability of different approximation
techniques for nonspinning quasicircular binary black hole
inspiral. The shaded regions indicate ranges within which the
cumulative orbital phase error is less than #=4 and #=16 rad,
respectively.
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cycle and a rolling linear fit over an orbital cycle. We
find that the sampling method performs best, and we
use it for our fiducial analysis, but we present the other
methods and a comparison between them and our q = 4
SHK simulation in Appendix B. For all of the methods we
use the local measure of the orbital frequency ⌦ = ⌦coor

to correct the redshift. This choice was made because the
oscillations were found to correlate with ⌦coor better than
with ⌦co. However, when analyzing the corrected z(t) as
a function of ⌦(t), we choose ⌦ = ⌦co. The di↵erence
between the two choices (⌦co vs ⌦coor) is shown in the
upper panel of Fig. 6 after subtracting zSMR

0
. Our choice

of z(mA⌦co) is further justified by the behaviour at large
frequency, where we expect the redshift to decrease as
the smaller black hole plunges into the larger, as occurs
in the geodesic limit.

Figure 3 shows the resulting envelopes for a range of
mass ratios as a function of mA⌦co. We observed that
SKS simulations show more oscillations than the SHK.
This is expected since SKS initial data has more junk
radiation which can add initial momentum to the binary
than seen in SHK simulations [67]. For the SKS simu-
lations, oscillations also tend to be more prominent for
lower mass ratios (higher q). The small modulations on
the envelopes, more noticeable at low frequencies, are
well correlated with the presence of small initial eccen-
tricity.

Figures 7 and 8 show the corrected redshift curves
that are used in the SMR analysis alongside the SMR
predictions. The lower panels in those figures show the
resulting curves after subtracting the leading SMR pre-
diction and dividing by the mass ratio. Note that the
GSF predictions give za as a function of the dimension-
less frequencymA⌦, not the natural frequencyM⌦ of the
simulations. Thus when plotting multiple simulations to-
gether, a fixed mA⌦co represents a later portion of the
simulation for more equal-mass binaries than for lower
mass ratios. Meanwhile, our methods cannot capture the
plunge dynamics near ISCO. Therefore, the range of fre-
quencies we can treat is limited by when our equal-mass
simulations approach the ISCO frequency. On the other
hand, we can provide results to higher frequencies when
plotting against m⌦co. Similarly, the lowest frequencies
we can access are controlled by the lowest frequencies
achieved across our simulations, which is limited by the
simulations with lowest mass ratio (highest q).

In the upper panel of Fig. 7 we see the clear cluster-
ing of the curves toward the test particle predictions as
we move to smaller mass ratios (larger q). In the lower
panel, we similarly see the convergence of these curves to
the known first SMR correction computed from GSF at
low mass ratios, with the di↵erence between each simu-
lation and the dashed curve illustrating as-yet-unknown
second-order and higher SMR corrections. Meanwhile, in
Fig. 8 we again see the convergence in the upper panel
to the leading-order, trivial prediction zSMR

A,0 = 1 for the
larger black hole. The lower panel shows simultaneously
the convergence to the first SMR correction of zA, and

FIG. 7. Upper panel: Corrected zB for all mass ratios
in Table I and the leading (geodesic) SMR prediction. The
two highest resolutions for each simulation are plotted in the
figure. Bottom panel: Corrected zB after subtracting the
leading (geodesic) SMR prediction and multiplying by the
expected q scaling. zSMR

1 (dashed line) is the prediction from
self-force calculations. The two highest resolutions for each
simulation are plotted in the figure.

the remarkable fact that higher order corrections are nu-
merically very small. In the next section, we show that
these extracted redshift factors have a consistent SMR
expansion in powers of the small mass ratio ✏, compare
them to PN and GSF predictions, and measure both non-
adiabatic corrections to these predictions and unknown,
higher order terms in the SMR expansion.

IV. RESULTS

A. SMR limit in NR and PN comparisons

As discussed in Sec. II A, the redshift factor for a point
particle on a circular orbit is a well-defined invariant of
the conservative dynamics. In a PN expansion, one can
derive it from the 3.5PN metric [74] after neglecting the
radiation reaction terms at 2.5PN and 3.5PN order and
using the definition

za =
d⌧a
dt

=
q

�gµ⌫(xa)u
µ
au⌫

a , (25)

10

FIG. 8. Upper panel: Corrected zA for all mass ratios in
Table I and the leading SMR prediction. The two highest res-
olutions for each simulation are plotted in the figure. Bottom
panel: Corrected zA after subtracting the leading (geodesic)
SMR prediction and multiplying by the expected q scaling.
zSMR
1 (dashed line) is the prediction from [51] (after neglect-
ing the small spin). The two highest resolutions for each sim-
ulation are plotted in the figure.

where xa is the coordinate location of each point par-
ticle. In the SMR approximation, the conservative red-
shift is given by the time-symmetric component of the
GSF metric perturbation sourced by the circular geodesic
of frequency ⌦. When comparing both conservative ap-
proximations, PN and SMR successfully converge to one
another in their respective domains of validity.

In NR simulations such splitting between conservative
and dissipative dynamics is not available, and our red-
shift definition in Eq. (18) can only coincide with the con-
servative redshift in the adiabatic approximation. A mea-
sure of the non-adiabaticity in our simulations is given by
the quantity ⌦̇/⌦2. Figure 9 shows the value of this quan-
tity for the range of frequencies and mass ratios used in
this analysis. Non-adiabatic e↵ects grow with frequency
and they vanish in the SMR limit as expected. The bot-
tom panel of Fig. 9 confirms that they scale as O(✏).
From this, we see that non-adiabatic corrections to the
SMR predictions are expected to arise at O(✏), at a level
of several percent. To confirm this expectation, we com-
pare our numerical redshifts to PN predictions and their
SMR limit.

FIG. 9. Upper panel: Non-adiabaticity as measured by ⌦̇/⌦2

using ⌦ = ⌦co. As expected, it grows with frequency and
is smaller for lower mass ratios. Bottom panel: Same pa-
rameter re-scaling by q = ✏�1. The overlapping of the
curves at low frequency indicates that ⌦̇/⌦2

⇠ O(✏). We
also show the O(✏) SMR prediction from expanding ⌦̇ =
(dE/dt)(@E/@⌦)�1 to first order in ✏. We used the energy
flux data for circular orbits provided by [41].

Figures 10 and 11 show the NR redshifts as a function
of the mass ratio at a reference mA⌦ = 0.025 and the
corresponding PN predictions from Eq. (4.2) in [43] (up-
per panels). We plot each PN order separately as well
as their residuals zNR

a � zPN
a (bottom panels). We se-

lected this mA⌦ as the smallest frequency that allows us
to also show the q = 14 and q = 15 redshifts after their
relaxation times, since these simulations start at a higher
frequency.

Figure 10 shows no improvement in the 3PN and 4PN
residuals over the 2PN. These PN predictions are conser-
vative, and so this is not surprising. Dissipative e↵ects,
arising first at the 2.5PN order, can begin to contami-
nate the extracted zB in our NR simulations, and so we
cannot expect our residuals to improve past 2PN at fi-
nite mass ratios. However, a known feature of the 3.5PN
equations of motion for circular, non-spinning binaries is
that in the limit ✏ ! 0 the 2.5PN and 3.5PN terms, en-
tering at order O(⌫), vanish [74]. One is left with the
“even” PN terms which contain O(⌫0) terms. Thus, the
even PN series alone must converge to the geodesic limit.
This means that as we approach ✏ = 0, radiation-reaction
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FIG. 5. Instantaneous average displacement of the CoM plot-
ted against the amplitude of the oscillations in the redshifts
for both the larger and smaller black holes. The larger black
hole displays smaller amplitudes in all cases. The residual
oscillations in these curves correspond to modulations in the
amplitude which are well correlated with the residual eccen-
tricity (see Table I).

inertial coordinates. Further, Fig. 5 shows correlation be-
tween the amplitude of the redshift oscillations and the
average displacement from the origin of the simulation
coordinates. The amplitude for both black holes in each
simulations is plotted, and can be di↵erentiated by the
fact that the larger black holes always display smaller am-
plitude oscillations. The average displacement is found
by fitting xCoM(t) and yCoM(t) to an low degree polyno-
mial, which smooths over the epicycles, and taking the
norm |xCoM(t)2 + yCoM(t)2|. The amplitude of the red-
shift oscillations is the di↵erence between the upper and
lower envelopes of the oscillations. For the smaller black
hole, the amplitude grows nearly linearly with the dis-
placement of the CoM, almost independent of the mass
ratio. For the larger black hole, the amplitude also also
grows close to linearly, and we can observe a small de-
pendence on the mass ratio. The oscillations in Fig. 5 are
due to further modulations in the envelopes, and we find
that these secondary modulations are consistent with the
orbital eccentricity.

Although there are rigorous methods to correct for the
CoM e↵ects on the waveform [73], these do not apply to
the redshift data, since the latter is measured on the ap-
parent horizons rather than at asymptotic infinity. An
equivalent method to correct for the redshift would re-
quire an invariant notion of the surface gravity on a dy-
namical horizon, the definition of which is beyond the
scope of this work. Instead we apply an empirical method
to remove the oscillations. To estimate any possible bias
introduced by our chosen method, we compared it with
a q = 4 simulation with the same initial parameters but
with highly reduced CoM displacement. We found min-
imal di↵erences between these case, below the error due

FIG. 6. Visualization of how the sampling works for the
q = 8.5 SKS simulation (with noticeable oscillations). Up-
per panel: raw redshift data and the corresponding envelopes
obtained using the sampling method. We show the results for
both zB(mA⌦co) and zB(mA⌦coor). Bottom panel: ⌦B,coor

and ⌦coor as a function of mA⌦coor. The intersection of
⌦B,coor with the diagonal gives the ti used to generate the
envelopes. Quartic splines are constructed from ⌦co(ti) and
⌦coor(ti).

to the choice of ⌦. This comparison is in Appendix B.
To remove the oscillations we tried three di↵erent

methods. Our preferred method is a sampling method
which finds the upper and lower envelopes of the oscilla-
tions and takes their mid-line as the corrected version of
the redshift. For this approach, we find the envelopes by
solving for the roots ti of the function

⌦coor(ti)� ⌦a,coor(ti) , (23)

for each black hole, where

⌦a,coor =
|~xa ⇥ ~̇xa|

x2
a

. (24)

Sampling the redshift at ti gives us points that empir-
ically track the envelopes remarkably well. As seen in
Fig. 4, these roots select out those instants in the orbit
when we expect the coordinate velocity to be aligned or
anti-aligned with the overall CoM drift. However, the
magnitude of the redshift oscillations is larger than ex-
pected from considering these modulations to be caused
by CoM velocity, and so this does not o↵er a complete ex-
planation for the practical success of this method. With
the points ti in hand, we use quadratic interpolation to
get the envelopes. The value of z at any other t is given
by the mid-line between the two interpolants. This proce-
dure can be visualized in Fig. 6 for the mass ratio q = 8.5,
which has noticeable redshift oscillations, as a function
of both mA⌦co and mA⌦coor.
In addition to the sampling method, we tried removing

the oscillations in z using a rolling average over an orbital
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FIG. 3. Uncorrected redshifts (thin lines), displaying the CoM
motion-induced oscillations. Also plotted are the corrected
redshifts (thick lines) and upper and lower envelopes (dashed
lines), found using the sampling method. The envelopes are
quadratic splines through the z(mA⌦co(ti)) points defined by
⌦coor(ti)� ⌦B,coor(ti) = 0. The amplitude of the oscillations
is larger for higher q (smaller mass ratio). The modulations
in the envelope are consistent with the residual eccentricity.

the gauge-dependent quantity ~r defined with respect to
the simulation coordinates. The relative di↵erences be-
tween ⌦22, ⌦circ and ⌦co are below 0.01% for all of the
inspiral (before the ISCO frequency M⌦ISCO = 6�3/2).
We also see that ⌦22 approaches ⌦co for more equal mass
ratios. In contrast, ⌦circ approaches ⌦co for smaller mass
ratios (larger q). This is a desired behaviour, since at a
fixed frequency we expect smaller departures from cir-
cularity at smaller mass ratios (larger q). We speculate
that the reason that ⌦co better limits to the expected be-
havior at small mass ratios is that at these mass ratios,
where emission from higher angular harmonics is more
important, it better captures the overall phase evolution
of the binary than the leading l = 2, m = 2 mode. For
this reason we use ⌦co as the orbital frequency in our
SMR analysis. However we have checked that using ⌦22

or ⌦circ doesn’t substantially change any of the results
presented here. Results of the analysis using ⌦coor are
shown in Appendix A, and while this choice of frequency
shows larger discrepancies with our preferred choice ⌦co,
it does not change our main conclusions.

C. Correcting CoM-induced redshift oscillations

One challenge encountered by our analysis is that our
simulations exhibit center of mass (CoM) motion that in-
duces small oscillations in the extracted redshift. These
oscillations in zB(mA⌦co) are illustrated in Fig. 3 for a
subset of our simulations which clearly display this a↵ect.
The oscillations are quite small, and to display them we
first subtract out the geodesic predictions zSMR

0
. Nev-

FIG. 4. Trajectory of the smaller black hole center ~xB and
CoM ~xCoM in simulation coordinates. The points marked
with dots correspond to the “minima” of the redshift while
the crosses correspond to the “maxima”. One can see from
the figure that they roughly match the points where the small
black hole’s velocity is maximized and minimized by picking
up a contribution from the average CoM drift velocity.

ertheless they contaminate our SMR analysis, which re-
quires high precision. They do not appear to be due to
orbital eccentricity: they grow during the simulations, al-
though orbital eccentricity is expected to decay; further
they are generally larger than e2

0
e↵ects we would expect

from our initial eccentricities. We also plot the upper
and lower envelopes of the oscillation in Fig. 3, as well
as our final corrected values for the redshift, using the
procedure described below.
First, we argue that these oscillations are due to the

CoM motion. As discussed in Sec. II C the redshift fac-
tor relies on a normalization of the approximate HKVF at
asymptotic infinity, which requires a choice of an asymp-
totic inertial frame. In the PN approximation this frame
is centered with respect to to the binary’s center of mass
in the limit of large separation, and in the SMR approx-
imation it is centered around the larger black hole. By
contrast, in our NR simulations we cannot a priori pre-
cisely select the asymptotic inertial frame, and it is in
general di↵erent for each simulation. Di↵erent asymp-
totic inertial frames in general measure a di↵erent red-
shift (provided there is a map of asymptotic quantities
onto the horizon, which there is if one assumes a HKVF).
The coordinate motion of the Newtonian center of

mass illustrates the CoM motion. We can see the binary
drifting away from the origin while exhibiting epicyclic
motion for our q = 8.5 simulation in the inset of Fig. 4.
This motion is a clear sign that the Killing field in
Eq. (13) is not centered with respect to the simulation’s
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FIG. 3. Uncorrected redshifts (thin lines), displaying the CoM
motion-induced oscillations. Also plotted are the corrected
redshifts (thick lines) and upper and lower envelopes (dashed
lines), found using the sampling method. The envelopes are
quadratic splines through the z(mA⌦co(ti)) points defined by
⌦coor(ti)� ⌦B,coor(ti) = 0. The amplitude of the oscillations
is larger for higher q (smaller mass ratio). The modulations
in the envelope are consistent with the residual eccentricity.

the gauge-dependent quantity ~r defined with respect to
the simulation coordinates. The relative di↵erences be-
tween ⌦22, ⌦circ and ⌦co are below 0.01% for all of the
inspiral (before the ISCO frequency M⌦ISCO = 6�3/2).
We also see that ⌦22 approaches ⌦co for more equal mass
ratios. In contrast, ⌦circ approaches ⌦co for smaller mass
ratios (larger q). This is a desired behaviour, since at a
fixed frequency we expect smaller departures from cir-
cularity at smaller mass ratios (larger q). We speculate
that the reason that ⌦co better limits to the expected be-
havior at small mass ratios is that at these mass ratios,
where emission from higher angular harmonics is more
important, it better captures the overall phase evolution
of the binary than the leading l = 2, m = 2 mode. For
this reason we use ⌦co as the orbital frequency in our
SMR analysis. However we have checked that using ⌦22

or ⌦circ doesn’t substantially change any of the results
presented here. Results of the analysis using ⌦coor are
shown in Appendix A, and while this choice of frequency
shows larger discrepancies with our preferred choice ⌦co,
it does not change our main conclusions.

C. Correcting CoM-induced redshift oscillations

One challenge encountered by our analysis is that our
simulations exhibit center of mass (CoM) motion that in-
duces small oscillations in the extracted redshift. These
oscillations in zB(mA⌦co) are illustrated in Fig. 3 for a
subset of our simulations which clearly display this a↵ect.
The oscillations are quite small, and to display them we
first subtract out the geodesic predictions zSMR
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FIG. 4. Trajectory of the smaller black hole center ~xB and
CoM ~xCoM in simulation coordinates. The points marked
with dots correspond to the “minima” of the redshift while
the crosses correspond to the “maxima”. One can see from
the figure that they roughly match the points where the small
black hole’s velocity is maximized and minimized by picking
up a contribution from the average CoM drift velocity.

ertheless they contaminate our SMR analysis, which re-
quires high precision. They do not appear to be due to
orbital eccentricity: they grow during the simulations, al-
though orbital eccentricity is expected to decay; further
they are generally larger than e2

0
e↵ects we would expect

from our initial eccentricities. We also plot the upper
and lower envelopes of the oscillation in Fig. 3, as well
as our final corrected values for the redshift, using the
procedure described below.
First, we argue that these oscillations are due to the

CoM motion. As discussed in Sec. II C the redshift fac-
tor relies on a normalization of the approximate HKVF at
asymptotic infinity, which requires a choice of an asymp-
totic inertial frame. In the PN approximation this frame
is centered with respect to to the binary’s center of mass
in the limit of large separation, and in the SMR approx-
imation it is centered around the larger black hole. By
contrast, in our NR simulations we cannot a priori pre-
cisely select the asymptotic inertial frame, and it is in
general di↵erent for each simulation. Di↵erent asymp-
totic inertial frames in general measure a di↵erent red-
shift (provided there is a map of asymptotic quantities
onto the horizon, which there is if one assumes a HKVF).
The coordinate motion of the Newtonian center of

mass illustrates the CoM motion. We can see the binary
drifting away from the origin while exhibiting epicyclic
motion for our q = 8.5 simulation in the inset of Fig. 4.
This motion is a clear sign that the Killing field in
Eq. (13) is not centered with respect to the simulation’s

8

FIG. 5. Instantaneous average displacement of the CoM plot-
ted against the amplitude of the oscillations in the redshifts
for both the larger and smaller black holes. The larger black
hole displays smaller amplitudes in all cases. The residual
oscillations in these curves correspond to modulations in the
amplitude which are well correlated with the residual eccen-
tricity (see Table I).

inertial coordinates. Further, Fig. 5 shows correlation be-
tween the amplitude of the redshift oscillations and the
average displacement from the origin of the simulation
coordinates. The amplitude for both black holes in each
simulations is plotted, and can be di↵erentiated by the
fact that the larger black holes always display smaller am-
plitude oscillations. The average displacement is found
by fitting xCoM(t) and yCoM(t) to an low degree polyno-
mial, which smooths over the epicycles, and taking the
norm |xCoM(t)2 + yCoM(t)2|. The amplitude of the red-
shift oscillations is the di↵erence between the upper and
lower envelopes of the oscillations. For the smaller black
hole, the amplitude grows nearly linearly with the dis-
placement of the CoM, almost independent of the mass
ratio. For the larger black hole, the amplitude also also
grows close to linearly, and we can observe a small de-
pendence on the mass ratio. The oscillations in Fig. 5 are
due to further modulations in the envelopes, and we find
that these secondary modulations are consistent with the
orbital eccentricity.

Although there are rigorous methods to correct for the
CoM e↵ects on the waveform [73], these do not apply to
the redshift data, since the latter is measured on the ap-
parent horizons rather than at asymptotic infinity. An
equivalent method to correct for the redshift would re-
quire an invariant notion of the surface gravity on a dy-
namical horizon, the definition of which is beyond the
scope of this work. Instead we apply an empirical method
to remove the oscillations. To estimate any possible bias
introduced by our chosen method, we compared it with
a q = 4 simulation with the same initial parameters but
with highly reduced CoM displacement. We found min-
imal di↵erences between these case, below the error due

FIG. 6. Visualization of how the sampling works for the
q = 8.5 SKS simulation (with noticeable oscillations). Up-
per panel: raw redshift data and the corresponding envelopes
obtained using the sampling method. We show the results for
both zB(mA⌦co) and zB(mA⌦coor). Bottom panel: ⌦B,coor

and ⌦coor as a function of mA⌦coor. The intersection of
⌦B,coor with the diagonal gives the ti used to generate the
envelopes. Quartic splines are constructed from ⌦co(ti) and
⌦coor(ti).

to the choice of ⌦. This comparison is in Appendix B.
To remove the oscillations we tried three di↵erent

methods. Our preferred method is a sampling method
which finds the upper and lower envelopes of the oscilla-
tions and takes their mid-line as the corrected version of
the redshift. For this approach, we find the envelopes by
solving for the roots ti of the function

⌦coor(ti)� ⌦a,coor(ti) , (23)

for each black hole, where

⌦a,coor =
|~xa ⇥ ~̇xa|

x2
a

. (24)

Sampling the redshift at ti gives us points that empir-
ically track the envelopes remarkably well. As seen in
Fig. 4, these roots select out those instants in the orbit
when we expect the coordinate velocity to be aligned or
anti-aligned with the overall CoM drift. However, the
magnitude of the redshift oscillations is larger than ex-
pected from considering these modulations to be caused
by CoM velocity, and so this does not o↵er a complete ex-
planation for the practical success of this method. With
the points ti in hand, we use quadratic interpolation to
get the envelopes. The value of z at any other t is given
by the mid-line between the two interpolants. This proce-
dure can be visualized in Fig. 6 for the mass ratio q = 8.5,
which has noticeable redshift oscillations, as a function
of both mA⌦co and mA⌦coor.
In addition to the sampling method, we tried removing

the oscillations in z using a rolling average over an orbital

Navarro Albalat, AZ, Giesler, Scheel (2022)


