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Ø Testing the nature of gravity and probing the New Physics beyond 
the traditional General Relativity is one of the key topics in the 
modern physics and astronomy.

Ø The direct detection of gravitational waves (GWs) provides us a 
new window to look into this important question.

Introduction



2022.07.07 GR23, Liyang, China 4

Ø Lagrangian

Brief Review of Scalar-Tensor Gravity

Ø Predictions：

1. Existence of Scalar Gravitational Waves；

2. Spontaneous Scalarization：when 𝛽" is negative enough, the scalar 
field around the stable solution of neutron stars (NS) becomes O(1)。

T. Damour & G. Esposito-Farese PRL 70 (1993) 2220

II. FORMALISM

In the scalar-tensor theories of gravity, the gravitational fields are augmented by an

extra scalar field �(x) in addition to the spacetime metric tensor gµ⌫(x). In this work,

we are interested in the ST gravity first proposed by Bergmann [48] and Wagoner [49], in

which (i) the single scalar field non-minimally couples to the metric tensor; (ii) the theory

is di↵eomorphism invariant; (iii) the variation of the action gives rise to second order field

equations; and (iv) the weak equivalence principle is satisfied [in the Jordan (physical) frame,

see below]. In the literature, the most general action of this class of theories can be written

as [2]

SJ =

Z
d
4
x

p
�g

16⇡

✓
F (�)R�

!(�)

�
g
µ⌫
@µ�@⌫�� U(�)

◆
+ Sm[ m, gµ⌫ ] , (1)

in natural units G = c = 1, where F (�), !(�) and U(�) are continuous and di↵erentiable

functions of the scalar field � with the existence of second-order derivatives, and Sm rep-

resents the action of ordinary matter fields that are collectively denoted by  m. Note that

matter fields couple to the gravity sector only through the (physical) metric tensor gµ⌫

without any dependence on �, so that the weak equivalence principle holds.

One can also formulate the same theory in the so-called Einstein’s frame, which relates

to the Jordan frame via a Weyl transformation,

ḡµ⌫ ⌘ gµ⌫/F ('), (2)

and a redefinition of the scalar field,

d'

d�
:= ±

s
3(F,�)2

4F 2
+

!

2�F
. (3)

The action Eq. (1) reads

SE =

Z
d
4
x

p
�ḡ

16⇡

⇣
R̄� 2ḡµ⌫@µ'@⌫'� 4V (')

⌘
+ Sm[ m, ḡµ⌫/F (')] , (4)

in the Einstein frame, where the scalar potential V (') is related to the one in the Jordan

frame through [37, 38]

V (') := U(�)/(4F 2) . (5)

One can see that the ST theory in the Einstein frame is specified by the scalar potential

V (') and the conformal factor F ('). The latter controls the coupling between the scalar
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Einstein Frame

field ' and ordinary matters. In the present article, we adopt the following parametrization

of the conformal factor [12, 13, 26]

lnF (') ⌘ �2↵0('� '0)� �0('� '0)
2
, (6)

which is nothing but merely the Taylor expansion [26]. Note that the two free dimensionless

parameters ↵0 and �0 is not only su�cient to determine the first-order post-Newtonian

e↵ects, but also contribute to higher post-Newtonian orders. Moreover, '0 denotes the

asymptotic value of the scalar field at spatial infinity.

Massive scalar fields with a triple-scalar self-interaction have the scalar potential given

by

V (') =
µ
2

2~2 ('
2 + �|'|

3) , (7)

where � is assumed to be positive and the absolute value is taken in the scalar self-interaction

term in order to guarantee the semi-positivity and stability of the potential. Thus, the

asymptotic value of ' should naturally be '0 = 0, which is the absolute minimum of this

potential. Moreover, the scalar field mass is fixed to be µ = 10�14 eV, which not only

alleviates the strong constraints from binary pulsars and weak field tests of GR [31, 32], but

also allows the propagating monopole GW signals to be detectable [44, 45] in the LIGO/Virgo

sensitivity window. For the later convenience, we also define a characteristic frequency

f⇤ =
!⇤

2⇡
⌘ µ/(2⇡~) ' 2.42 Hz, (8)

which is associated with the scalar mass.

A. Spherical Collapse

The stellar core collapse into a compact object such as NS and BH marks the endpoint

of a massive star with the zero-age main sequence (ZAMS) mass in the range of 10M� .
MZAMS . 130M� [51–53] with M� denoting the solar mass. At the end of the nuclear

burning phase of a star, the nuclear matter thermal pressure and the electrons’ degenerate

pressure can no longer balance the huge gravitational attracting force [54], leading to a

sudden radial compression of the matter. The collapse increases the central (baryon) mass

density up to the nuclear density ⇢nuc ' 2⇥1014 g · cm�3 [55] beyond which the compression

5
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Ø The endpoint of a massive star with zero-age main sequence (ZAMS) 
mass of10—130M⦿ is a NS or a BH. The stellar core collapse process 
is an ideal testbed for the ST gravity:

Stellar Core Collapse in the ST Gravity

Ø Examples：

ü M=12 M⦿, successful supernova explosion, 
forming a NS;

ü M=40 M⦿, supernova fails, forming a BH；

1. Possible formation of NS or proto-NS；

2. During (proto-)NS formation, the scalar 
field transits from a value near 0 to be 
of O(1), generating Scalar GW signals. 
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Ø Early works focused on the ST gravity without mass or self-interaction, 
which was strongly constrained: 

Existing Constraints on ST Gravity

n Weak-Field Tests:
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which generalise the Tolman–Oppenheimer–Volkoff [101, 102] equations to ST theory.
As in GR, the equation for the metric potential ! decouples from the remainder and we
need an EOS r=P PEOS ( ) to close the system.
In practice, we integrate the system (3.9)–(3.13) outwards starting at the origin where
boundary and regularity conditions require

r
j j h
F = = =

= =
m P P0 0, 0 0, 0 ,

0 , 0 0. 3.14
EOS c

c

( ) ( ) ( ) ( )
( ) ( ) ( )

Here, Pc (or, alternatively, rc) is a free parameter determining the overall mass and size of
the star and the central value of the scalar !eldjc is related through the integration to the
value of j at in!nity. In our case, the boundary condition for the scalar !eld is
j j¥ = =r 00( ) and the task is to identify the ‘correct’ central value jc that
satis!es the outer boundary condition. From a numerical point of view, this task
represents a two point boundary value problem [103] and we use a shooting algorithm to
solve it. For this purpose, we note that the integration terminates at the stellar surface rs
de!ned as the innermost radius where P!=!0. From this radius rs, we could in principle

Figure 1. Experimental constraints on the ST-theory parameters a b,0 0( ) entering the
coupling function F. The shaded area is currently ruled out by observations; GR lies at
a b= = 00 0 . The most stringent constraints on a0 are provided by the Cassini space
mission while the binary-pulsar experiments impose strong bounds on b0. Circles mark
our choices for a b,0 0( ) used in section 5. This !gure is produced using the data
published in !gure 6.3 of [1].

Class. Quantum Grav. 33 (2016) 135002 D Gerosa et al

13

ü Mercury’s perihelion shift; 

ü Lunar laser ranging;

ü Light deflection with very-long-baseline interferometry;

ü Doppler tracking of Cassini spacecraft;

I.I. Shapiro, (1990)

J.G. Williams et al, IJMPD 18(2009)1129 

B. Bertotti et al, (2003)

n Strong-Field Tests:

ü Timing of Binary Pulsars: 

PSR J1738+0333 and PSR J0348+0432



2022.07.07 GR23, Liyang, China 7

Ø U. Sperhake et al. [PRL119(2017)201103] has pointed out that when 
m𝜙≥10'()eV, the above constraints cannot apply, so that more 
parameter space is allowed for spontaneous scalarization.

Ø In the present work, we go further by investigating the effects of the 
scalar self-interaction on the evolution of the stellar core collapse 
and associated scalar GW signals.

Massive ST Gravity: Opening Parameter Space
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aLIGO-Virgo Sensitive

Da Huang et al. Class. Quant. Grav. 38(2021)24, 245006
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Ø Our simulation has been performed with 
the open-source package GR1D, which 
solves the hydrodynamic equations for 
nuclear matter and Einstein equations in 
the spherical coordinate.

Ø We modify the code by incorporating the 
scalar EOM and introducing additional 
terms involving the scalar field in the 
matter and metric equations.

Ø Two progenitor configurations:

Simulation Setup

ü NS: mZAMS=12M⦿, primordial metallicity;

ü BH: mZAMS=40M⦿, primordial metallicity;



2022.07.07 GR23, Liyang, China 9

Simulation Results

1. Neutron Star Case： M=12 M⦿

FIG. 1. Evolutions of the central value of the scalar field 'c during the core-collapse into a NS for

the model WH12 with the self-interaction couplings of � =0, 102, 103, 104 and 106, respectively,

where the vertical dashed line denotes the time of the stellar core bounce.

However, when � approaches or exceeds ⇠ 106, we can observe the significant suppression

in the magnitude of the scalarization (the green dashed line in Fig. 1).

FIG. 2. Scalar GW signals for WH12 extracted at the radius rex = 5 ⇥ 104 km for the self-

interaction couplings of � =0, 102, 103, 104 and 106, respectively, where the vertical line on the

right plot denotes the characteristic frequency f⇤ = 2.42 Hz.

The suppression of the spontaneous scalarization is more evident in the rescaled field

� ⌘ r'. (13)

8
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Ø Self-interactions suppress the degree of spontaneous scalarization 
and thus decrease the amplitude of the associated scalar GWs.

Bounce: Scalarized NS formation
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Simulation Results

2. Black Hole Case： M=40 M⦿

Star Center

Ø Increasing the self-interaction weakens the spontaneous scalarization.  
When 𝜆≥106, the scalarized proto-NS stage totally disappears.

FIG. 4. Evolutions of the central value of the scalar field 'c for the progenitor WH40 during the

core-collapse into a BH for � = 0, 102, 103 and 104 in the left panel and � = 106 and 108 in the

right panel, respectively, where the inset of left panel shows the scalar field behavior zoomed in on

the core bounce part, while ones on the right panel correspond to the region near the core bounce

and the BH formation, respectively.

massive enough to cause the gravitational instability, i.e., the mass of the remnant exceeds

the maximal mass that can be supported by the EOS considered. Eventually, a BH forms

at some point tBH, which depends on � (see below).

The extent to which the scalarization is triggered and the lifetime of the strongly-

scalarized state (tBH � ts) depend on �. The left panel of Fig. 4 shows the cases with

a moderate level of �, where we see that 'c goes down to ⇠ �0.25 at ts, and then the

scalarizaion is progressively strengthened to 'c ⇠ �0.35 at the moment right before the BH

formation. The strong scalarization lasts for ⇠ 1.24 s, and is followed by a transient decrease

of the scalarization at tBH in accordance with the BH no-hair theorem. In addition, when

� . 103, we do not see any visible deviation from the case without self-interactions. As �

increases to & 104, the degree of the scalarization during the strong-scalarization stage is

weakened a little, but the duration tBH� ts becomes a bit longer owing to a delay in the BH
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In the right panel of Fig. 4, we plot the case with strong coupling strengths � = 106 and 108.

For � = 106, the degree of the scalarization is a bit slighter than the aforementioned case with

the moderate � and the lifetime of the proto-NS becomes very short with tBH � ts . 0.01 s.

When � = 108, we find that the strongly-scalarized proto-NS stage completely disappears,

leading to a scenario that a weakly-scalarized NS directly collapses to a BH.

11

Bounce

Scalarized proto-NS Formation

BH Formation
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Simulation Results

Ø Increase of the self-interaction weakens the degree of scalarization 
and suppresses the scalar GW amplitudes.

Wave Zone

FIG. 5. Scalar GW signals in the time domain (left panel) and frequency domain (right panel) for

the progenitor model WH40 extracted at the radius rex = 5 ⇥ 104 km for di↵erent values of the

self-interaction coupling � =0, 102, 103 and 104, respectively. The inset in the left panel illustrates

the scalar GWs around the core bounce which generates a weakly-scalarized NS.

FIG. 6. Label is the same as Fig. 6, except for � = 106 and 108. The two insets in the left panel

correspond to the scalar GW signals at the core bounce and the BH formation, where we have

artificially enlarged the field values by a factor of 10 for the case with � = 108 in order to make its

dynamical evolution clearer.

Having shown the influence of � on 'c, we now turn to investigate how � a↵ects �,

especially �ex. In Figs. 5 and 6, we present �ex in both the time and the frequency do-

mains. As illustrated in the left panel of Fig. 5, we can find clear time-domain signatures

corresponding to the transitions between di↵erent stages of the multi-stage BH formation
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FIG. 1. Evolutions of the central value of the scalar field 'c during the core-collapse into a NS for

the model WH12 with the self-interaction couplings of � =0, 102, 103, 104 and 106, respectively,

where the vertical dashed line denotes the time of the stellar core bounce.

However, when � approaches or exceeds ⇠ 106, we can observe the significant suppression

in the magnitude of the scalarization (the green dashed line in Fig. 1).

FIG. 2. Scalar GW signals for WH12 extracted at the radius rex = 5 ⇥ 104 km for the self-

interaction couplings of � =0, 102, 103, 104 and 106, respectively, where the vertical line on the

right plot denotes the characteristic frequency f⇤ = 2.42 Hz.

The suppression of the spontaneous scalarization is more evident in the rescaled field

� ⌘ r'. (13)

8

Scalarized proto-NS
Formation

BH Formation BH Formation

2. Black Hole Case： M=40 M⦿
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Ø Equation of Motion

Long-Distance Propagation of Massive Scalar GWs

Ø Propagation of Massive SGWs：Dispersion Inverse Chirp Effect

that they cannot be distinguished experimentally. For simplicity, we take the sky averaged

rms value of the antenna pattern function [45]

F̄� =

sZZ
d✓d� sin ✓F 2(✓,�) =

p
4⇡/15 (19)

as the canonical value.

Currently, in order for the highly scalarized NSs to evade the strong constraints from the

observation of the orbital decay of binary pulsars such as the pulsar-white dwarf system PSR

J0348+0432 [29], we need to impose a lower limit on the scalar mass as µ > O(10�15) eV [31,

32], corresponding to a lower frequency bound of O(0.1 Hz) via Eq. (8). The GW modes

above this bound lies in the sensitive range of ground-based GW detectors, such as LIGO-

Virgo [72–74], Cosmic Explorer (CE) [75] and Einstein Telescope (ET) [76]. In the literature,

the detectability of the GW signal in Eq. (15) for a single detector is characterized by the

corresponding SNR which is defined as follows [77]:

⇢
2 = 4

Z 1

0

df
|h̃(f)|2

Sn(f)
. (20)

where h̃(f) denotes the Fourier transformed function of the response in Eq. (18), while Sn(f)

is the one-sided noise power spectral density of the instrument given by the corresponding

experimental collaboration.

B. Scalar GW Propagation

After the scalar GWs [Eq. (15)] are generated from the stellar core-collapse in our Galaxy,

they propagate over an astronomically long distance of O(10 kpc) before they are detected

on the Earth. According to the action in Eq. (4), the propagation of the scalar GW far away

from its source can be well approximated by the wave equation in the nearly flat space:

8
<

:

@2�
@t2 �

@2�
@r2 + µ2

~2 � + 3�µ2

2~2
�2

r = 0 , as � � 0 ,

@2�
@t2 �

@2�
@r2 + µ2

~2 � �
3�µ2

2~2
�2

r = 0 , as � < 0 ,
(21)

where the equation is written in the spherically symmetric coordinate with � ⌘ r'. The

interaction term drops faster than the mass term by one power of r, and the mass term

will dominate after a certain distance. The subsequent long-distance propagation is thus
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barely a↵ected by the self-interactions. In this case, the description of the scalar GWs can

be further reduced to the following wave equation without interactions

@
2
�

@t2
�

@
2
�

@r2
+

µ
2

~2� = 0 , as r ! 1 . (22)

From this simplified equation, we can obtain the asymptotic behavior of the scalar field.

Concretely, when the frequency is below the critical one f⇤ = !/(2⇡) ⌘ µ/(2⇡~) ' 2.42 Hz,

the mode damps as the Yukawa-like suppression where ' ⇠ e
�r

/r with  =
p

µ2 � !2. In

fact, we have already seen this suppression from the frequency spectra of the scalar GW at

di↵erent extraction distances on the right plot of Fig. 3, in which the GW amplitudes of

the modes with frequencies below the critical one decrease aggressively when the extraction

radius becomes distant. On the other hand, when the frequency is above the critical one,

the mode becomes a propagating out-going wave as ' ⇠ e
ikr

/r. In this case, the wavelength

is predicted to be k =
p
!2 � µ2. Since these modes can approach the spatial infinity, we

can define the scalar charge � as the massless scalar case, just like in Eq. (14).

As pointed out in Refs. [44, 45], due to the presence of the mass term, the GW signal

becomes more and more oscillatory with time. The dispersive nature of the propagation

introduces tremendous di�culties in the numerical calculations of the GW evolution in space.

In the present work, we adopt the stationary phase approximation (SPA) [69] to evaluate

the scalar GW waveform at large radii. The scalar GW signal at rex can be expanded by

the Fourier series, in which the component with frequency ! reads

�̃(!; rex) = A(!; rex)e
i (!)

, (23)

where A(!; rex) and  (!) are the scalar wave amplitude and phase, respectively. In the limit

of r � rex, the scalar GW signal is highly dispersive and becomes quasi-monochromatic at

the frequency

⌦(t) =
!⇤tp

t2 � (r � rex)2
, for t > r � rex . (24)

Note that this frequency shows the signature of the inverse chirp [44], which means that

high-frequency modes arrive earlier than low-frequency (but still higher than !⇤) ones. Such

a feature is originated from the fact that scalar GW modes with higher frequencies have

larger group velocities, and thus reach us with less time. Furthermore, the SPA method also

gives the following amplitude of the scalar GW at a large radii r [44, 45]

A(⌦; r) =

s
2[⌦2 � !2

⇤]
3/2

⇡!2
⇤(r � rex)

A(⌦; rex) , (25)
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1. SGW with high frequency reach earlier；

2. Quasi-monochromatic SGW at one moment；

3. Frequency of the SGW decreases slowly with time；

to
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!!a d! for any a; b > 0. Choosing a; b ! ", and
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The integral in Eq. (55) is a standard Gaussian integral
which may be readily evaluated to give

##t; r$ " !fA#t; r$ei%#t;r$g; #56$

where the amplitude and phase are given by
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where !#t$ is given in Eq. (53) [cf. Eq. (11) in [37] ]. At
each instant the signal is quasimonochromatic with a
frequency !#t$ and an amplitude, A#t; r$, proportional to
the square root of the power spectrum of the initial
(extraction radius) signal evaluated at that frequency
divided by a factor to account for the dispersive stretching
of the signal.
The inverse chirp profile described by Eq. (58) (see

Fig. 6) is an extremely robust prediction for the signal
observed at large distances. The signal frequency as a
function of time depends only on the distance to the source
and the mass of the scalar field (and there is a near universal
scaling behavior with the scalar mass, as described in the
next section). The frequency as a function of time is
completely independent of the details of the original signal
near the source. The signal amplitude as a function of time

does retain some information about the original source,
through its dependence on the spectrum A#!$, although
even this gets highly smeared out by the dispersion. The
inverse chirp waveforms can be extremely long and highly
oscillatory; for the scalar field masses and distances of
interest here (i.e., & # 10!14 eV and rex # 10 kpc) the
signals can retain frequencies and amplitudes potentially
detectable by LIGO/Virgo for centuries. These signals are
best visualized by plotting the amplitude and frequency
separately as functions of time (see Fig. 2 and the
accompanying discussion in [37]).

D. Approximate universality under changes
of the scalar mass

1. Theoretical considerations

The asymptotic behavior of the wave signal under its
dispersive propagation is determined by Eq. (53) for the
frequency and Eq. (57) for the amplitude of the signal. The
dependence of the propagated signal on the scalar mass &
through its associated frequency !& becomes clearer if we
rewrite the solution in terms of dimensionless quantities.
For this purpose, we define the rescaled frequency, radius,
and time by

!̄ " !
!&

; r̄ex " !&rex;

t̄ " !&t; r̄ " !&r: #59$

In this notation, Eqs. (53), (58), and (57) become

!̄#t̄; r̄$ " t̄""""""""""""""""""""""""""""
t̄2 ! #r̄ ! r̄ex$2
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""""""""""""""
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4
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A#t̄; r̄$ "
"""
2

$

r
!&#!̄2 ! 1$3=4

#r̄ ! r̄ex$1=2
Abs%#̃#!; rex$': #60$

We have thus been able to absorb much of the dependence
on the scalar mass in terms of a simple rescaling of radius,
time, and frequency. But two issues remain: (i) a factor of
!& is present in the amplitude A#t̄; r̄$, and (ii) the phase and
amplitude implicitly depend on the scalar mass through the
phase and amplitude of the Fourier transform #̃#!; rex$.
Further progress requires information about the signal at
rex. More specifically, we can exploit two features that we
find to be satisfied approximately in the generation of scalar
radiation in stellar collapse in ST theory.
The first observation is that the scalar field at the center

of the star evolves largely independently of the scalar
mass. Likewise, the scalar profile '#r$ at late stages in the
evolution is independent of the scalar mass (always
assuming that the other parameters of the configuration
are held fixed). This suggests that in the region of wave

FIG. 6. A sketch plot showing the time-frequency structure of
the “inverse chirp” in Eq. (53). The frequency decays over time;
the high frequency components (traveling at almost the speed of
light) arrive first, followed by the slower low frequency compo-
nents. Frequencies below !& are exponentially suppressed and
never reach large radii.
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Ø At large distances, SGW signals become highly oscillatory.

Ø Stationary Phase Approximation:

Long-Distance Propagation of Massive SGWs: Calculations

ü Near Source:                                                                 at rex= 5 km 
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ü SGW Signal at the Earth:

Waveform:
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Ø Scalar GW Signal:

Scalar GW Signals at the Detector

l Breathing Mode (Transverse Scalar)

l Longitudinal Mode

Ø Since the antenna pattern is the same for both modes, we cannot 
distinguish them. Thus, the response of a GW detector is given by

where F takes its average value
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Ø Scalar GW Signals

Scalar GW Signals from Core Collapses to a NS and a BH

FIG. 7. Power spectrum densities of the core collapse into a NS for the progenitor models WH12

(upper panel) and into a BH for WH40 (lower panel) with the self-interaction couplings � =0, 102,

103, 104 and 106, respectively, where the points of various types correspond to the inverse-chirp

scalar GW signals observed at di↵erent times after the supernova: t =1, 3, 10, 30, 100, 250, 500,

and 1000 years from right to left on each plot. In comparison, we also plot the noise power spectral

density of LIGO, ET, and CE.

⇢ ⇠ O(100) and remains visible for several centuries.

V. CONCLUSIONS AND DISCUSSIONS

The stellar core collapse provides us with valuable tests of ST theories due to the possible

formation of the NS in the intermediate stage or as the final state of the process. The sponta-

18
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The stellar core collapse provides us with valuable tests of ST theories due to the possible

formation of the NS in the intermediate stage or as the final state of the process. The sponta-

18

BH: M=40 M⦿

1. The frequency of quasi-monochrom. SGW decreases slowly, but 
its amplitude keeps at the same level；

2. aLIGO is unlikely to detect both SGW signals，but the future ET 
and CE can measure them for several centuries unless 𝜆≥106.

T=2 Months
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Ø Stellar Core Collapses provide an ideal testbed for the ST Gravity 
due to the spontaneous scalarization in the (proto)-NS formation 
and its associated SGW signals;

Ø By studying the massive ST gravity with triple scalar interactions, we 
show that the self-interaction suppresses the degree of scalarization 
and amplitude of SGWs;

Ø In the astronomically long-distance propagation of SGWs, the self-
interaction can be ignored, but the mass term causes the inverse-
chirp effect in the final SGW signals;

Ø For two typical progenitors forming either a NS or a BH, the 
simulations show that both SGW signals are unlikely to be detected 
by aLIGO, but can keep visible for centuries with future ET and CE.

Conclusions


