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• black hole shadow, plasma accretion, black hole 
stability, DM condensation around black holes, 
Hawking evaporation, …

In order to study

Test fields in black hole spacetimes



• With the invent of numerical relativity, this is not so 
crucial. Still, there is a significant gain in computational time. 
One can also predict many things “analytically”.

• Simple separability is underlied by the existence of 
compete set of commuting operators, constructed from 
the special explicit and hidden symmetries. 

• Separability is intrinsically tied to the particular choice of 
coordinates.

• Separability used as a guiding principle to “arrive at” new 
interesting metrics (Carter 68, modified gravity theories)

Separation of variables

= a useful technique that turns PDEs into a set of ODEs, 
which can be handled more easily (eigenvalue problems).



Brief history of BH Separatists

Kerr (d=4)

field massless massive

geodesics integ. Carter 1968 Carter 1968

scalar (s=0) Carter 1968b Carter 1968b

Dirac (s=1/2) Unruh/Teukolsky 1972 Chandrasekhar 1976

vector (s=1) Teukolsky 72, 73 ???

tensor (s=2) Teukolsky 72, 73 ???

Myers-Perry (higher-dimensional Kerr)

field massless massive

Geodesics integ. Page et al 2007 Page et al 2007

scalar (s=0) Frolov et al 2007 Frolov et al 2007

Dirac (s=1/2) Oota & Yasui 2008 Oota & Yasui 2008

vector (s=1) ??? ???

tensor (s=2) ??? ???



Recent progress

Kerr (d=4)

field massless massive

geodesics integ. Carter 1968 Carter 1968

scalar (s=0) Carter 1968b Carter 1968b

Dirac (s=1/2) Unruh/Teukolsky 1972 Chandrasekhar 1976

vector (s=1) Teukolsky 72, 73 Frolov et al 2018

tensor (s=2) Teukolsky 72, 73 ???

Myers-Perry (higher-dimensional Kerr)

field massless massive

Geodesics integ. Page et al 2007 Page et al 2007

scalar (s=0) Frolov et al 2007 Frolov et al 2007

Dirac (s=1/2) Oota & Yasui 2008 Oota & Yasui 2008

vector (s=1) Lunin 2017 Frolov et al 2018

tensor (s=2) ??? ???



The above separability (and other remarkable) properties 
can be attributed to the existence of a single object called:

Principal tensor

Principal tensor = a (non-degenerate) closed conformal 
Killing-Yano 2-form

• Carter’s constant corresponds to the “square” of principal 
tensor

• Separation occurs in canonical coordinates determined 
from PT.

For example:



Massive dark photons

• “Axion-like” massive dark photons arise 
quite generically in BSM physics (among 
other plentiful new fields).

• These provide natural candidates for DM.

Adding a new U(1) gauge field – described by Proca
equation.

• Introduced by Proca (1936) in his attempt to explain 
short nuclear forces

• Used to describe Z,W bosons. 
• Effective description of new particles…

Simplest example:



Massive bosons as dark matter

Candidates interact weakly – difficult 
to detect in the lab!

Cool detection: black hole superradiance

• Formation of a condensate of 
ultralight bosons due to 
superradiant scattering

• Sensitive to masses of Compton 
wavelength > size of BH

Arvanitaki et al 2009



Massive bosons as dark matter

Cool detection: black hole superradiance

Candidates interact weakly – difficult 
to detect in the lab!

• Formation of a condensate of 
ultralight bosons due to 
superradiant scattering

• Sensitive to masses of Compton 
wavelength > size of BH

Rapid BH Spin down!



Separability of Proca in Kerr

• Traditional approach for Maxwell: uses Newmann-
Penrose formalism (separation for field strength –
Teukolsky 72). 

• Obviously, does not work for Proca
• Does not work in higher dimensions 
• Problems with “Lorentz gauge”

• Breakthrough ansatz: can be covariantly written in terms 
of the principal Killing-Yano tensor h:



Separability of Proca in Kerr



Instability Modes in Kerr

• O. Lunin, JHEP 1712 (2017) 138. 
• Frolov, Krtous, DK, Santos, PRL (2018).
• S. Dolan, PRD 98 (2018) 10, 104006 – all 3 spins!
• W. East, …



What about Kerr-Sen (string theory) BH?

(A. Sen, Phys. Rev. Lett 69 (1992) 1006)

• “Kerr-Newmann-like” solution in the presence of 
scalar F and torsion

• admits principal Killing-Yano 2-form h with this torsion

• The Proca field naturally couples to T and F (Troca)



Separability of Troca in Kerr-Sen



Effect of charge: Kerr-Newman vs. Kerr-Sen

Kerr-Newman

Kerr-Sen
Kerr

R. Cayuso, O. Dias, F. Gray, DK, A. Margalit,J. Santos, R. 
Souza, L. Thiele, JHEP 04 (2020) 159; Arxiv: 1912:08224.



Summary

1) Kerr black hole admits remarkable hidden 
symmetries (principal KY tensor) that allow for 
separability of test field equations in its 
background. 

2) As recently shown, this is also true for the massive 
vector (Proca) perturbations. Allows to effectively 
study DM condensation around rotating BHs. 

3) Many of these results can be generalized to the 
presence of various matter fields (Kerr-Sen) and 
to higher dimensions (higher dimensional Kerr-
NUT-AdS, minimal SUGRA solution, ….)


