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What are Black Hole Quasinormal Modes (QNMs)?
• QNMs are the natural vibrational modes of perturbations in the spacetime exterior to a black hole.
• QNM frequencies are discrete and complex. The imaginary part of the frequency indicates
the presence of damping, a necessary consequence of boundary conditions that require energy
to be carried away from the system.

Why are QNMs important?
• QNMs (mainly the least damped mode) play an important
role in gravitational wave astronomy because they determine
the shape of the ringdown phase in a binary black hole merger
and, consequently, provide clues to the nature of the postmerger
object.

• There is an established link between the high overtone QNMs
of black holes and the microscopic structure of spacetime
(Babb et al. PRD2011)
Schwarzschild QNM spectrum for gravitational perturbations
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Wave equation for Black Hole perturbations in linearized GR:
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𝜔 = 𝜔𝑅 + 𝑖 𝜔𝐼 : complex QNM frequency
𝑉𝑙 : Regge-Wheler or QNM Potential
𝑟𝑆 : Schwarzschild radius
l: multipole number
s: spin (0, 1, 2)
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Regge-Wheeler Potential for scalar perturbations in radial (a) and tortoise (b)
coordinates. Zare et al. 2012

Boundary Conditions:
Ψ → 𝑒 −𝑖𝜔𝑥 ingoing waves at 𝑥 → −∞ (𝑟 → event horizon)
Ψ → 𝑒 𝑖𝜔𝑥
outgoing waves at 𝑥 → ∞ (𝑟 → ∞)
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Nollert: QNMs do not form a complete set, but individual QNMs (the least damped modes)
dominate the time evolution of a perturbation.
Can a discontinuity in the underlying system make the corresponding set of QNMs complete?
Answer: Yes, but…

QNMs of the
smooth potential

Hans-Peter Nollert, PRD 1996
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According to Nollert, the waveforms of step functions are very similar to
the smooth potential, however, the step functions are NOT able to
generate the very late time behavior of the ringdown waveform
because the fundamental QNM of the approximate potential is less
damped than the fundamental QNM of the smooth potential.

Is this correct???
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Summary: The QNM spectrum is unstable when discontinuities are introduced, but the ringdown
waveform is stable.
We ask this question: Are these anomalies caused by the jump discontinuities and/or the piecewise
constant nature of step functions? What happens if we use a continuous linear function?

N=6
∆𝑥 = 𝑥𝑖 − 𝑥𝑖−1 = 4
Domain: [-4,20]
𝑠𝑐𝑎𝑙𝑎𝑟
Fitted to 𝑉𝑙=2
(dashed)

where i = 1, 2, 3,…, N and Vi is the height of the
Regge-Wheeler potential at xi. We choose V0 = VN = 0.
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We determine QNM frequencies 𝜔 as the following:

A=F=0 due to the boundary conditions at the horizon and infinity
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The QNM spectrum of the piecewise linear potential is very
different than the QNMs of the Regge-Wheeler potential.
They are similar to the step functions analyzed by Nollert.
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To generate the QNM ringdown waveform, we numerically solve the
Regge-Wheeler wave equation:

Using the initial (Gaussian) data:

𝜎 = 1, 𝑥0 = −40, and A = 30.
We choose the observer to be located at 𝑥 = 90.
The peak of the QNM potential is at 𝑥 = 0.
Units: 𝐺 = 𝑐 = 𝑟𝑆 = 1
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Contrary to what Nollert found, we
demonstrate that the ringdown
waveform can be approximated to
arbitrary precision using a piecewise
linear function!
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• We also demonstrate that
the ringdown waveform
can be approximated to
arbitrary precision using
step functions used by
Nollert.

• We need a much smaller
∆𝑥 since lines can
approximate the
continuous potential
more accurately than
steps.
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Why does it appear that the approximate
potentials are less damped when we use small
number of segments?
Answer: We show that the apparent disagreement
in the late time waveforms noticed by Nollert is due
to the appearance of echoes caused by coarse
approximations.

Discontinuities
In the QNM
potential
cause echoes!

This work led to interesting papers by others:
• Pseudospectrum and Black Hole QNM Instability
Jaramillo et al., Phys. Rev. X 11 (2021) 3, 031003
• Alternative mechanism for black hole echoes
Liu et al., PRD 104 (2021) 4, 044012
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CONCLUSION
❑ According to Nollert, step functions are NOT able to generate the very late time behavior of the ringdown waveform because the
fundamental QNM of the approximate potential is less damped than the fundamental QNM of the Regge-Wheeler potential. We
show that approximating the Regge-Wheeler potential using a piecewise linear function or step functions can lead to an identical
ringdown waveform in the limit where ∆𝑥 approaches zero on a large enough domain.
❑ QNMs of the Regge-Wheeler potential, which line up along the imaginary axis, are very different than those of the approximate
potentials, which line up along the real axis. Two potentials with completely different QNMs can generate identical waveforms.
Peculiar??
❑ Unlike QNMs of the Regge-Wheeler potential:
1) QNMs of the approximate potentials seem to form a complete set
2) No individual modes dominate the ringdown waveform
❑ Using approximate potentials provides a new mathematical tool that makes calculating the ringdown waveform computationally less
intensive than using the continuous Regge-Wheeler potential.
❑ More speculatively, if spacetime is quantized at some microscopic level, we may expect that the actual QNMs of black holes are very
different than the QNMs of the Regge-Wheeler potential and perhaps resemble those of the discrete approximations presented in this
talk.

For more details see Phys. Rev. D 101, 104009 (2020), arXiv:2002.07251[gr-qc].

Thank you for listening.
Thanks to the organizers for the well-organized conference.
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