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(In)stability of Cauchy horizons
Motivation

General Relativity plays a central role in astrophysics,
cosmology and high energy physics.

It would not be much of a theory if predictability was not built in:
with no predictability, it would be an alternative to a theory.

Due to the seminal work of Choquet-Bruhat ’69, we know that the
Einstein equation is locally well-posed.

What about globally?

There are two ways in which I can see predictability failing:

1 A naked singularity forms starting with some reasonable initial
data - Penrose’s Weak Cosmic Censorship Conjecture - WCCC -
posits this cannot happen.

2 A Cauchy horizon forms starting with some reasonable initial
data - Penrose’s Strong Cosmic Censorship Conjecture - SCCC -
posits this cannot happen.
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Strong cosmic censorship
conjecture with Λ = 0



(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ = 0

Strong Cosmic Censorship Conjecture - 101

Consider the Reissner-Nordström black hole:

ds2 = − (r − r+)(r − r−)
r2 dv2 + 2dv dr + r2 dΩ2

2

with dΩ2
2 the metric on a unit radius round S2.

We open MTW and read: ”There is a black
hole event horizon at r = r+, and a Cauchy
horizon at r = r− (0 < r− ≤ r+).”

Take a Cauchy surface Σ and ask what is the region of spacetime
that one can predict from Σ using the Einstein-Maxwell equations.

This is what is called the maximal Cauchy development D(Σ).

Stop drawing the full Penrose diagram!
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(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ = 0

In spite of the name, the weak cosmic censorship is not
implied by strong cosmic censorship.

The two conjectures are logically independent!

The first Penrose diagram violates SCCC, but not WCCC. The
second Penrose diagram violates WCCC, but not SCCC.

Why do we do this to ourselves?

Strong energy condition 6⇒ weak energy condition!
It gets embarrassing to talk with my HEP friends about this!
Should we just collectively change the names?
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(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ = 0

A mechanism for an instability
Consider again the (reduced) Penrose diagram for a
Reissner-Nordström black hole.

Consider two observers A (Alice) and B (Bob) with
trajectories depicted below.

A crosses H+(Σ) in region II, whereas
B stays in region I.
Assume that B sends light signals to A
at proper time intervals of 1 s.
If B lives forever, it will send infinitely
many such signals.
From the Penrose diagram, it is clear that A will collect All of these
signals within a finite proper time as she crosses H+(Σ)!
This is only possible if signals from region I undergo an infinite
blue shift at H+(Σ).
Therefore, tiny perturbations in region I will have an enormous
energy (as measured by A) in region II.
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(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ = 0

Penrose ’68 - C0 formulation

Let (Σ, h,K, a,E) be a geodesically complete, asymptot-
ically flat initial data set for the Einstein-Maxwell equa-
tions. Then, generically, the maximal Cauchy develop-
ment of this initial data set is inextendible (continuously).

If correct, this conjecture would restore predictability!
The first evidence in favour of the conjecture was provided by the
seminal work of McNamara 78’ and Chandrasekhar, Hartle 82’.
Consider linear perturbations of the RN BHs δΦ ≡ (δg, δA).
δΦ in the domain of outer communications exhibit power law
decay - Price ’72 (or slower - Gajic, Kehrberger ’22).

δΦ at H+ provides initial data to solve
for the interior.
This strategy is used to these days by
Mathematicians.
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(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ = 0

The findings of MCH

The gradients of Penrose scalars diverge at H+(Σ)!

Energy density measured by observer crossing
H+(Σ) is divergent

Expect large backreaction on metric!

Nonlinearly, we had to wait roughly a decade!
Poisson-Israel (1990), Ori (1991) used a Null dust model - not
exact solution

Backreaction causes the invariant “Hawking mass” to diverge
at H+(Σ) - ”mass inflation” - leading to a singular H+(Σ).
Perhaps suprisingly: the metric can be continuously
extended across H+(Σ).

One more decade: Mathematicians rigorously prove mass inflation
for RN - Dafermos 03’,12’, Luk & Oh 17’.
A perturbed RN BH solution can be continuously extended across
H+(Σ) - Penrose’s C0 version of SCCC is false!
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at H+(Σ) - ”mass inflation” - leading to a singular H+(Σ).
Perhaps suprisingly: the metric can be continuously
extended across H+(Σ).

One more decade: Mathematicians rigorously prove mass inflation
for RN - Dafermos 03’,12’, Luk & Oh 17’.
A perturbed RN BH solution can be continuously extended across
H+(Σ) - Penrose’s C0 version of SCCC is false!
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(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ = 0

I really don’t care...

The extension is not C2: why should we worry?!

Perhaps predictability is restored after all!

It turns out that extended observes can cross H+(Σ), while having
bounded tidal forces - no spaghettification - (Ori 1991)!!
What happens to such an observer?
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The extension is not C2: why should we worry?!
Perhaps predictability is restored after all!

It turns out that extended observes can cross H+(Σ), while having
bounded tidal forces - no spaghettification - (Ori 1991)!!
What happens to such an observer? Answer: we need to specify
matter field content of the observer and their EOM.

We better care about it again...

If the matter EOM still make sense at H+(Σ), despite
the metric no being C2, this is still a problem for

predictability!
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Enter the Weak



(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ = 0

Perhaps we should step back a little

What is the minimum regularity condition my
field variables need to satisfy so that the Einstein
equation (and matter EOM) make sense as a PDE?

Well, if we work directly EOM, for instance

Rab −
R

2 gab = 8πTab[Φ]

2Φ = 0

it is clearly at least C2, since Rab involves two derivatives of g and
the same is true for the wave equation for Φ.
Linearising around a vacuum solution, considering Φ as a source
for the Einstein equation yields (schematically and in a good gauge)

2h(2)
ab = 8πT (2)

ab [Φ]

⇒
∫

d4x
√
−g(−∇cψab∇ch(2)

ab − 8πψabT (2)
ab [Φ]) = 0

.

Multiply the above by a smooth, compactly supported symmetric
tensor ψab and integrate by parts.
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(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ = 0

This is looking great!

Imagine that for any ψab, we have∫
d4x
√
−g(−∇cψab∇ch(2)

ab − 8πψabT (2)
ab [Φ]) = 0 .

Configuration (Φ, h(2)
ab ) as above is a weak solution.

Clearly, to make sense of the above we only need
ψabT

(2)
ab [Φ] to be integrable!

This means that we need Φ to be in H1
loc - Sobolev space.

What about pure gravity?
In that case, we expand again to second order, and find an effective
stress energy tensor T = Th

(1) [(h(1))2, (∂h(1))2].
A careful inspection of Th(1) , reveals that we have locally square
integrable (H1

loc) Christoffel symbols in some chart to have a weak
solution of the Einstein equation.

10 / 25



(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ = 0

This is looking great!

Imagine that for any ψab, we have∫
d4x
√
−g(−∇cψab∇ch(2)

ab − 8πψabT (2)
ab [Φ]) = 0 .

Configuration (Φ, h(2)
ab ) as above is a weak solution.

Clearly, to make sense of the above we only need
ψabT

(2)
ab [Φ] to be integrable!

This means that we need Φ to be in H1
loc - Sobolev space.

What about pure gravity?
In that case, we expand again to second order, and find an effective
stress energy tensor T = Th

(1) [(h(1))2, (∂h(1))2].
A careful inspection of Th(1) , reveals that we have locally square
integrable (H1

loc) Christoffel symbols in some chart to have a weak
solution of the Einstein equation.

10 / 25



(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ = 0

This is looking great!

Imagine that for any ψab, we have∫
d4x
√
−g(−∇cψab∇ch(2)

ab − 8πψabT (2)
ab [Φ]) = 0 .

Configuration (Φ, h(2)
ab ) as above is a weak solution.

Clearly, to make sense of the above we only need
ψabT

(2)
ab [Φ] to be integrable!

This means that we need Φ to be in H1
loc - Sobolev space.

What about pure gravity?
In that case, we expand again to second order, and find an effective
stress energy tensor T = Th

(1) [(h(1))2, (∂h(1))2].
A careful inspection of Th(1) , reveals that we have locally square
integrable (H1

loc) Christoffel symbols in some chart to have a weak
solution of the Einstein equation.

10 / 25



(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ = 0

This is looking great!

Imagine that for any ψab, we have∫
d4x
√
−g(−∇cψab∇ch(2)

ab − 8πψabT (2)
ab [Φ]) = 0 .

Configuration (Φ, h(2)
ab ) as above is a weak solution.

Clearly, to make sense of the above we only need
ψabT

(2)
ab [Φ] to be integrable!

This means that we need Φ to be in H1
loc - Sobolev space.

What about pure gravity?
In that case, we expand again to second order, and find an effective
stress energy tensor T = Th

(1) [(h(1))2, (∂h(1))2].
A careful inspection of Th(1) , reveals that we have locally square
integrable (H1

loc) Christoffel symbols in some chart to have a weak
solution of the Einstein equation.

10 / 25



(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ = 0

This is looking great!

Imagine that for any ψab, we have∫
d4x
√
−g(−∇cψab∇ch(2)

ab − 8πψabT (2)
ab [Φ]) = 0 .

Configuration (Φ, h(2)
ab ) as above is a weak solution.

Clearly, to make sense of the above we only need
ψabT

(2)
ab [Φ] to be integrable!

This means that we need Φ to be in H1
loc - Sobolev space.

What about pure gravity?

In that case, we expand again to second order, and find an effective
stress energy tensor T = Th

(1) [(h(1))2, (∂h(1))2].
A careful inspection of Th(1) , reveals that we have locally square
integrable (H1

loc) Christoffel symbols in some chart to have a weak
solution of the Einstein equation.

10 / 25



(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ = 0

This is looking great!

Imagine that for any ψab, we have∫
d4x
√
−g(−∇cψab∇ch(2)

ab − 8πψabT (2)
ab [Φ]) = 0 .

Configuration (Φ, h(2)
ab ) as above is a weak solution.

Clearly, to make sense of the above we only need
ψabT

(2)
ab [Φ] to be integrable!

This means that we need Φ to be in H1
loc - Sobolev space.

What about pure gravity?
In that case, we expand again to second order, and find an effective
stress energy tensor T = Th

(1) [(h(1))2, (∂h(1))2].

A careful inspection of Th(1) , reveals that we have locally square
integrable (H1

loc) Christoffel symbols in some chart to have a weak
solution of the Einstein equation.

10 / 25



(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ = 0

This is looking great!

Imagine that for any ψab, we have∫
d4x
√
−g(−∇cψab∇ch(2)

ab − 8πψabT (2)
ab [Φ]) = 0 .

Configuration (Φ, h(2)
ab ) as above is a weak solution.

Clearly, to make sense of the above we only need
ψabT

(2)
ab [Φ] to be integrable!

This means that we need Φ to be in H1
loc - Sobolev space.

What about pure gravity?
In that case, we expand again to second order, and find an effective
stress energy tensor T = Th

(1) [(h(1))2, (∂h(1))2].
A careful inspection of Th(1) , reveals that we have locally square
integrable (H1

loc) Christoffel symbols in some chart to have a weak
solution of the Einstein equation.

10 / 25



(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ = 0

Christodoulou’s formulation of SCCC ’09

Let (Σ, h,K, a,E) be a geodesically complete, asymptot-
ically flat initial data set for the Einstein-Maxwell equa-
tions. Then, generically, the maximal Cauchy develop-
ment of this initial data set is inextendible as weak solu-
tion of the Einstein-Maxwell equations.
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Christodoulou’s (linear) version: generically, no weak extension
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C2 version: generically, no C2 extension - Appears True-
Luk, Oh ’ 17.
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Strong cosmic censorship
conjecture with Λ > 0



(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ > 0

What about Λ > 0

Is Penrose’s instability mechanism going to work?

When Λ > 0, we get a cosmological
horizon Hc.
Blue versus red shift competition!
Perturbations entering H+ at late time
have to climb out of the potential well
associated with redshift at Hc.
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Is Penrose’s instability mechanism going to work?

When Λ > 0, we get a cosmological
horizon Hc.
Blue versus red shift competition!
Perturbations entering H+ at late time
have to climb out of the potential well
associated with redshift at Hc.

Which effect wins?

Recall that

When Λ = 0, we had to understand the decay of generic
perturbations at late times (Price’s power law tails).
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(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ > 0

Thanks to Hintz & Vasy ’15

For smooth initial perturbations, the late time be-
haviour of linear perturbations at H+(Σ) is determined by
slowest decaying QNMs, as previously claimed by Mellor-
Moss (1990).

Let use define the spectral gap α to be the minimum −Im(ωQNM).
So that generic perturbations decay at late times as

e−α t

to be contrasted with Price’s power law tails!
Is this decay enough to trigger the blue-shift instability at H+(Σ)?
Using double null coordinates (U, V, θ, φ) near H+(Σ) (V = 0):
generic linear perturbations are proportional to

(−V )β with β = α

κ−

where κ− > 0 is the surface gravity at H+(Σ).
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(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ > 0

Reformulating SCCC in terms of β

Gradients ∂Φ ∼ (−V )β−1 - and these enter the
stress energy tensor!

This blows up whenever β < 1!

We can translate all of the SCCC versions in terms of β:

The C2 version is respect if and only if β < 1.
Christodoulou’s version is respect if and only if β < 1/2.

The verdict - A là Cardoso, Costa, Destounis, Hintz & Jansen ’17

1 If we can find a single QNM for which β < 1/2, Φ cannot be
extended across H+(Σ) in H1

loc, so that SCCC is safe!
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(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ > 0

Cardoso, Costa, Destounis, Hintz & Jansen ’17

Computed the QNM spectrum for a massless scalar field
Φ and found that 1

2 < β < 1 for near-extremal BHs.

This computation is far from trivial, since you need to
guarantee that no mode exists with

− Im(ωQNM)
κ−

<
1
2 .
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FIG. 2. Parameter space of the RNdS solutions, bounded by
a line of extremal solutions of maximal charge where r� = r+

on top, and for ⇤M2 > 1/9 a line of extremal solutions where
rc = r+. In the physical region the value of � is shown. For
small ⇤M2 the dominant mode is the l = 1 de Sitter mode,
shown in shades of red. For larger ⇤M2 the dominant mode
is the large l complex, PS mode, here showing the l = 100
WKB approximated mode in shades of blue. For very large
Q/M the l = 0 extremal mode dominates. The green sliver on
top where the NE mode dominates is merely indicative, the
true numerical region is too small to be noticeable on these
scales.

family has a region in parameter space where it domi-
nates over the other families. The dS family is dominant
for “small” BHs (when ⇤M2 . 0.02). In the opposite
regime the PS modes are dominant. Notice that in the
limit of minimal charge � = 0, since � remains finite
while the imaginary parts of QNMs in the PS family ap-
proach 0 according to (19) (since + ! 0).

More interesting is the other extremal limit, of maxi-
mal charge. In Fig. 2, the uppermost contours of the dS
and PS families show a region where � > 1/2.

Within this region as the charge is increased even fur-
ther, the NE family becomes dominant. In Fig. 2 this is
shown merely schematically, as the region is too small to
plot on this scale, but it can already be seen in Fig. 1.

To see more clearly how � behaves in the extremal limit
we show 4 more constant ⇤M2 slices in Fig. 3. Here one
sees clearly how above some value of the charge � >
1/2, as dictated by either the de Sitter or the PS family.
Increasing the charge further, � would actually diverge
if it were up to these two families (!M approaches a
constant for both families, so !/� diverges). However,
the NE family takes over to prevent � from becoming
larger than 1. Further details on these modes and on the
maximum � are shown in the Supplementary Material.

V. Conclusions. The results in [13, 14] show that the
decay of small perturbations of de Sitter BHs is dictated
by the spectral gap ↵. At the same time, the linear anal-
ysis in [19] and the non-linear analysis in [21] indicate
that the size of � ⌘ ↵/� controls the stability of Cauchy
horizons and consequently the fate of the SCC conjecture.
Recall that for the dynamics of the Einstein equations,
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FIG. 3. Dominant modes of di↵erent types, showing the
(nearly) dominant complex PS mode (blue, solid) at l = 10,
the dominant de Sitter mode (red, dotted) at l = 1 and the
dominant NE mode (green, dashed) at l = 0. The two dashed
vertical lines indicate the points where � ⌘ � Im(!)/� =
1/2 and where the NE becomes dominant. (Note that the
value of � is only relevant for ⇤ > 0.)

and also for the destiny of observers, the blow up of cur-
vature (related to � < 1) per se is of little significance: it
implies neither the breakdown of the field equations [47]
nor the destruction of macroscopic observers [48]. In
fact, a formulation of SCC in those terms is condemned
to overlook relevant physical phenomena like impulsive
gravitational waves or the formation of shocks in rela-
tivistic fluids. For those and other reasons, the modern
formulation of SCC, which we privilege here, makes the
stronger request � < 1

2 in order to guarantee the break-
down of the field equation at the Cauchy horizon.

Here, by studying (linear) massless scalar fields and
searching through the entire parameter space of subex-
tremal and extremal RNdS spacetimes, we find ranges
for which � exceeds 1/2 but, remarkably, it doesn’t seem
to be allowed, by the appearance of a new class of “near-
extremal” modes, to exceed unity! This opens the per-
spective of having Cauchy horizons which, upon pertur-
bation, can be seen as singular, by the divergence of
curvature invariants, but nonetheless maintain enough
regularity as to allow the field equations to determine
(classically), in a highly non-unique way, the evolution
of gravitation. This corresponds to a severe failure of
determinism in GR that cannot be taken lightly in view
of the importance that a cosmological constant has in
cosmology and the fact that the pathologic behavior is
observed in parameter ranges which are in loose agree-
ment with what one expects from the parameters of some
astrophysical BHs 3 [49–51].

3 Astrophysical BHs are expected to be neutral and here we are
dealing with charged BHs. This is justified by the standard
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(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ > 0

Adding charged scalar - Dias, Reall, JES ’18

One cannot form charged black holes within Einstein-
Maxwell-Scalar theory!

Consider a charged scalar ψ with charge e and mass µ!

Near-extremal RN-dS BHs violate
Christodoulou’s SCCC (but not C2)!!

The oscillations VERY near extremality

σ = 1− r−

r+

are well understood.
Hod ’18 and Cardoso et al. ’18 did not see β > 1/2, because they
did not reach close enough to extremality.

If we set e = 0, and keep µ 6= 0, we can violate the C2 version as
well (in fact even Cr, with r as large as we want, but finite).
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Figure 11. Zoom of the right panel of Fig. 9 near the leading WKB prediction. The red dashed

line is the leading WKB prediction, and the blue dots are our numerical data.
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Figure 12. A linear-log plot of �Im($)/� as a function of � ⌘ 1 � r�/r+ for ` = 0, y+ = 1/2,

q̃ = 0.75 and µ = 0.

For � < 10�5, these data seem to be accurately described by a discrete-self similar

model of the form

� Im(!)

�
= a0 + b0 cos(⌦0 log � + c0) , (7.3)

with the fit parameters a0, b0, c0 depending on y+ and the scalar field parameters. For

instance, for the parameters used in generating Fig. 12 we find

� Im(!)

�
⇡ 0.49915 � 0.020340 cos (1.0680 log � + 0.48503) . (7.4)
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Figure 12. A linear-log plot of �Im($)/� as a function of � ⌘ 1 � r�/r+ for ` = 0, y+ = 1/2,

q̃ = 0.75 and µ = 0.

For � < 10�5, these data seem to be accurately described by a discrete-self similar

model of the form

� Im(!)

�
= a0 + b0 cos(⌦0 log � + c0) , (7.3)

with the fit parameters a0, b0, c0 depending on y+ and the scalar field parameters. For

instance, for the parameters used in generating Fig. 12 we find

� Im(!)

�
⇡ 0.49915 � 0.020340 cos (1.0680 log � + 0.48503) . (7.4)

– 21 –

Hod ’18 and Cardoso et al. ’18 did not see β > 1/2, because they
did not reach close enough to extremality.

If we set e = 0, and keep µ 6= 0, we can violate the C2 version as
well (in fact even Cr, with r as large as we want, but finite).
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Figure 11. Zoom of the right panel of Fig. 9 near the leading WKB prediction. The red dashed

line is the leading WKB prediction, and the blue dots are our numerical data.
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and 0  Q/Qext  1 using a numerical grid with 100 points along y+ and another 100

points along Q/Qext. That is to say, we have computed the {�+, ` = 1} and {��, ` = 2}
quasinormal modes for a total of 104 RNdS black holes. Where necessary we further

zoomed in a particular region of parameter space, e.g. near Q/Qext ⇠ 1 and/or y+ ⇠ 0

or y+ ⇠ 1. Again, all the numerical modes were identified as belonging to one the three

families of modes (de Sitter, photon sphere or near-extremal). It is in this sense that we

are confident that, for each of the 104 RNdS black holes that we studied, the frequency

spectra of quasinormal modes belongs to one of the three families discussed in section 5

and no fourth family exists.
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Figure 8. Value of � for RNdS black holes. Left panel. In region A the dS family dominates

(i.e. the slowest decaying quasinormal mode is a dS mode), in region B the photon sphere family

dominates, and in region C the near-extremal family dominates. The red dashed curve corresponds

to the critical value of � = 1/2. Above this line one has � > 1/2 so the Christodoulou formulation

of strong cosmic censorship is violated for smooth initial data. The black dashed dotted line

corresponds to lukewarm black holes. Right panel. � against r+/rc for di↵erent values of Q/Qext.

The discontinuities in the derivatives of these curves occur across the boundaries of the di↵erent

regions A, B, C. Note that � > 2 su�ciently close to extremality, and large near-extremal black

holes can have arbitrarily large �. The black curve is the analytical prediction for near-extremal

modes and the black disks correspond to lukewarm black holes.

Our main results for the spectral gap are presented in Fig. 8. In the left panel we show

a density plot where we plot � = ↵/� as a function of the horizon ratio y+ = r+/rc and

charge ratio Q/Qext. We identify three regions A, B, C separated by three black curves. In

region A the spectral gap is dominated by the de Sitter modes. That is, in this region, the

slowest decaying quasinormal mode is a de Sitter mode. This region A extends all the way

down to Q ! 0, i.e. de Sitter modes dominate the region of parameter space described

by very small values of y+. On the other hand, in region B it is the photon sphere modes

that dominate. Finally, in region C, i.e. in a band of parameter space around extremality

Q/Qext ⇠ 1, it is the near-extremal modes that dominate.

The left panel of Fig. 8, also shows a red dashed curve. This curve identifies solutions

– 43 –
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Figure 8. Value of � for RNdS black holes. Left panel. In region A the dS family dominates

(i.e. the slowest decaying quasinormal mode is a dS mode), in region B the photon sphere family

dominates, and in region C the near-extremal family dominates. The red dashed curve corresponds

to the critical value of � = 1/2. Above this line one has � > 1/2 so the Christodoulou formulation

of strong cosmic censorship is violated for smooth initial data. The black dashed dotted line

corresponds to lukewarm black holes. Right panel. � against r+/rc for di↵erent values of Q/Qext.

The discontinuities in the derivatives of these curves occur across the boundaries of the di↵erent

regions A, B, C. Note that � > 2 su�ciently close to extremality, and large near-extremal black

holes can have arbitrarily large �. The black curve is the analytical prediction for near-extremal

modes and the black disks correspond to lukewarm black holes.

Our main results for the spectral gap are presented in Fig. 8. In the left panel we show

a density plot where we plot � = ↵/� as a function of the horizon ratio y+ = r+/rc and

charge ratio Q/Qext. We identify three regions A, B, C separated by three black curves. In

region A the spectral gap is dominated by the de Sitter modes. That is, in this region, the

slowest decaying quasinormal mode is a de Sitter mode. This region A extends all the way

down to Q ! 0, i.e. de Sitter modes dominate the region of parameter space described

by very small values of y+. On the other hand, in region B it is the photon sphere modes

that dominate. Finally, in region C, i.e. in a band of parameter space around extremality

Q/Qext ⇠ 1, it is the near-extremal modes that dominate.

The left panel of Fig. 8, also shows a red dashed curve. This curve identifies solutions

– 43 –
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(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ > 0

Gravitational-electromagnetic - Dias, Reall, JES ’18

In this case we have two scalars that control the pertur-
bations Φ± - Kodama-Ishisbashi ’03.

We found that near-extremal RNdS
BHs always have β > 2!

Christodoulou’s version of SCCC
violated but so is the C2!

In fact, generic perturbations are Cr at
H+(Σ), with where r can be made
arbitrarily large by getting closer and
closer to extremality.

and 0  Q/Qext  1 using a numerical grid with 100 points along y+ and another 100
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So SCCC is very badly violated in
Einstein-Maxwell theory with Λ > 0!
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(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ > 0

What about Kerr-dS? - Dias, Eperon, Reall, JES ’18

Charged BHs are (very, very) unlikely to exist in Nature!

On the other hand, rotating ones appear abundant!
Is there a violation of SCCC for near-extremal Kerr-dS?

Since Kerr-dS is axisymmetric, we can decompose its perturbations
in terms of eimφ.
We studied QNMs with large angular momentum m, both for
scalar field and gravitational perturbations.
The modes can be calculated using geometric optics and analytic
results were compared (and validated) with numerical calculations.
We found that β < 1

2 , implying that Christodoulou’s version of SCCC
is respected by Kerr-dS.
When Λ > 0, Christodoulou’s SCCC is satisfied in pure Einstein
gravity, but appears violated in Einstein-Maxwell theory - (moreover
Hod ’18 studied Kerr-Newman).
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Strong cosmic censorship
conjecture with Λ < 0



(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ < 0

What about Λ < 0?

In d ≥ 4, generic perturbations around AdS BHs decay
slowly as (log t)−a- Holzegel, Smulevici ’ 13.

This is due to stable trapping - Holzegel, Smulevici ’ 13.

The slow decay is expected to strengthen
the instability!

Christodoulou’s version of SCCC is expected
to be true!

Nevertheless, C0 version is false - Kehle ’21.

RN-AdS black holes are known to be
dynamically unstable near extremality.

What about d = 3?
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(In)stability of Cauchy horizons
Strong cosmic censorship conjecture with Λ < 0

In AdS, there are three-dimensional black holes!

The BTZ black hole - Bañados, Teitelboim, Zanelli ’92 -
has no stable trapping.

Perturbations decay as e−at, with a > 0, at late times.

This is looking a bit like RN-dS!

This black hole is simple enough that everything can be done
analytically - Dias, Reall, JES ’19

β = ∆
r+

r−
− 1

where µ2L2 = ∆(∆− 2) .

Generic perturbations around a BTZ black hole violate SCCC, badly!

This results from a coincidence: the slowest exterior QNMs
coincide with some of the interior QNMs (see Miguel ’20 for more
on interior QNMs.)
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Bohr and Einstein
meet at H+(Σ)



(In)stability of Cauchy horizons
Bohr and Einstein meet at H+(Σ)

Can quantum effects restore predictability for Λ > 0?

For Λ = 0, Christodoulou’s SCCC likely to hold.

However, for Λ > 0, generic data close to RN-dS vio-
lates Christodoulou’s version of SCCC.

One might think that in the presence of charged particles this is a
moot problem.
After all, charged particles ought to allow BH to radiate its charge,
moving away from extremality...
Or not: Klein, Zahn, Hollands ’21 showed that inner horizons (unlike
black hole event horizons) can charge or discharge!
What other quantum effects can save the day?
Assume that expected stress tensor backreacts onto the metric via
the semiclassical Einstein equation

Rab −
gab
2 R = 8π(〈Tab〉Ψ + Eab) ,

so that vacuum polarisation effects can save the day.
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(In)stability of Cauchy horizons
Bohr and Einstein meet at H+(Σ)

Quantum effects to the rescue!

In a series of stunning of papers, Klein, Zahn, Hollands
& Wald ’19 and ’21, showed that

〈TV V 〉Ψ = K

V 2 .

This calculation is not for the faint of heart!

This means that the quantum stress energy tensor diverges more
rapidly at H+(Σ) than the classical result!
In fact the divergence is strong enough to suggest that the C0

version of SCCC is saved!
The sign of K contains interesting physics: if K > 0, we have mass
inflation, otherwise there is mass deflation.

What about BTZ?
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(In)stability of Cauchy horizons
Bohr and Einstein meet at H+(Σ)

Quantum effects to the rescue?

In this case 〈Tab〉Ψ does not diverge more than the clas-
sical result at H+(Σ) - Dias, Reall, JES 19.

Is that it? Are we doomed in this case?
Not quite! The calculations done in Dias, Reall, JES 19 did not
include second order ~ effects - we only computed 〈Tab〉Φ.
Fortunately, Emparan and Tomašević ’20, found a very clever way to
redo the above including higher orders in ~ (using braneworldology).
Their results strongly suggest that predictability should be restored
when second order ~ effects are included - assuming a version of
SCCC holds for Kerr-AdS (unclear which version - Kehle ’20).

What about classically, can we reformulate
SCCC so that it is still valid?
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(In)stability of Cauchy horizons
Moving the goalposts

Why don’t we consider non-smooth initial data?

So far we’ve considered perturbations arising from smooth
initial data.

Change that and consider instead rough initial data -
Dafermos, Shlapentokh-Rothman ’18.

The late time behaviour is no longer controlled by QNMs.

The smoothness of the solution (in the sense of Sobolev spaces)
generically gets worse at the Cauchy horizon - Dafermos
Shlapentokh-Rothman ’18.

In fact this is precisely what happens in the earlier argument of
Brady, Moss, Myers ’98 (as noted in Dias, Reall, JES 18’).

A generic perturbation arising from initial data with the minimum
allowed Sobolev norm will not have this minimum norm at H+(Σ)
- new version of SCCC saved!
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Conclusions

Conclusions:

We have discussed several forms of the SCCC.
For data close to RN, Christodoulou’s SCCC is likely to hold.
For data close to RN-dS, Christodoulou’s SCCC is badly violated.
For data close to Kerr-dS, Christodoulou’s SCCC is not violated.

What to ask me after the talk:

For Λ = 0, what do we know about Kerr?
What do we know about (charged or rotating) black holes that are
formed from collapse?
What about hairy black holes?
In which sense is the inside story really Universal?
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Thank You!
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