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Content of talk

• A very brief overview of an IBVP framework for the conformal
field equations applied to a Schwarzschild black hole.

• A discussion of the viability of this setup for studies requiring
constant physical time stepping. A look at curvature
oscillations.

• A showcase of the Newman-Penrose constants.
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Mathematical setup

• Use Friedrich’s Generalized Conformal Field Equations 1.

• By writing quantities in terms of a conformally related metric
g = Θ2g̃ , null infinity is able to be accessed directly.

• Set up an IBVP with constraint preserving boundary
conditions 2.

• Use exact Schwarzschild initial data in isotropic coordinates.

• Fix ψ0 = Θ−1Ψ0 on the outer boundary to generate an
ingoing gravitational wave.

• The conformal Gauß gauge is used following Friedrich3, which
is adapted to timelike conformal geodesics.

1Friedrich, H. (1995). Einstein equations and conformal structure: existence of
anti-de Sitter-type space-times. Journal of Geometry and Physics, 17(2), 125-184.

2Beyer, F., Frauendiener, J., Stevens, C., & Whale, B. (2017). Numerical initial
boundary value problem for the generalized conformal field equations. Physical Review
D, 96(8), 084020.

3Friedrich, H. (2003). Conformal geodesics on vacuum space-times.
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Numerical setup

• Assume axi-symmetry to ease computation.

• Use the Python package COFFEE4 to numerically evolve the
system.

• RK4 time integration, SBP-FD operator for spatial derivatives,
SAT method for stable imposition of boundary conditions.

• Spin-weighted spherical harmonics for fast and accurate
angular derivatives.

4Doulis, G., Frauendiener, J., Stevens, C., & Whale, B. (2019). COFFEE–An
MPI-parallelized Python package for the numerical evolution of differential equations.
SoftwareX, 10, 100283.
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Checks of correctness

• Using recent generalized expressions for the Bondi-Sachs
energy and momentum 5 the mass-loss was confirmed along
I + with very good accuracy6.

• Constraints converge at correct order in all situations studied.

5Frauendiener, J., & Stevens, C. (2021). A new look at the Bondi–Sachs
energy–momentum. Classical and Quantum Gravity, 39(2), 025007.

6Frauendiener, J., & Stevens, C. (2021). The non-linear perturbation of a black
hole by gravitational waves. I. The Bondi–Sachs mass loss. Classical and Quantum
Gravity, 38(19), 194002.
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Conformal diagram of the Schwarzschild space-time
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Conformal diagram of the Schwarzschild space-time
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Problems with compactification

• The conformal factor explicitly is Θ = Θ+ Zt + 1
4Ht2.

• Along a spatially constant curve, dτ2 = Θ−2dt2.

• Proper physical time increases rapidly early on.
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Potential resolutions

Θ = Θ+ Zt +
1

4
Ht2.

• Change conformal factor:
▶ Change Θ.
▶ Change Z .
▶ Change H.

• Reset the temporal coordinate through t̂ =
a(r)t + b(r)

c(r)t + d(r)
.

• Perform radial coordinate transformation to stop “pinching”
at i+.

• Alter initial acceleration of conformal geodesics.

• Choose the initial timeslice further back in time.
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Imaginary part of l = 2 mode of Ψ0 along a
psuedo-Schwarzschildian curve

Comparison of frequency to linear perturbation theory:

Half period 1 Half period 2 Half period 3

Relative difference 11.55% 2.09% 0.65%
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Imaginary part of l = 2 mode of Ψ2 along a
psuedo-Schwarzschildian curve

Comparison of frequency to linear perturbation theory:

Half period 1 Half period 2 Half period 3

Relative difference 15.28% 2.18% 0.46%
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Imaginary part of l = 2 mode of Ψ4 along a
psuedo-Schwarzschildian curve

Comparison of frequency to linear perturbation theory:

Half period 1 Half period 2 Half period 3

Relative difference 36.07% 7.50% 1.13%
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Real part of l = 4 mode of Ψ4 along a
psuedo-Schwarzschildian curve

Comparison of frequency to linear perturbation theory:

Half period 1 Half period 2 Half period 3

Relative difference 6.85% 6.24% 4.54%
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Real part of l = 6 mode of Ψ2 along a
psuedo-Schwarzschildian curve

Comparison of frequency to linear perturbation theory:

Half period 1 Half period 2 Half period 3

Relative difference 20.40% 28.53% 10.84%
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The Newman-Penrose constants

• Five absolutely conserved complex numbers on I +.

• Found by application of the generalized Kirchhoff–d’Adhémar
formula to the lightcone at infinity7.

7Newman, E. T., & Penrose, R. (1968). New conservation laws for zero rest-mass
fields in asymptotically flat space-time. Proceedings of the Royal Society of London.
Series A. Mathematical and Physical Sciences, 305(1481), 175-204.
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The Newman-Penrose constants

• For the spin-2 zero rest-mass field ψABCD ,

G [U] =

∫
C
Uþcψ0 d

2Σ, þ′cU = 0 = ð′cU.

• If the cut is a unit sphere, the U become the five SWSH

−2Y2m.

• In axi-symmetry, we only have m = 0.

• If the space-time is stationary, the NPC are linear
combinations of the multipole moments8 roughly of the form

G [U] = mass x (complex quadrupole moment) -

(dipole moment + i x angular momentum)2.

8Penrose, R., & Rindler, W. (1984). Spinors and space-time: Volume 2, Spinor
and twistor methods in space-time geometry (Vol. 2). Cambridge University Press.
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Results
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Results

The Newman-Penrose constant scales the same as the initial
wave’s amplitude:

GW Amplitude Newman-Penrose constant Rel. diff.

1 0.9410178151567884 0%

2 1.8820587525049686 0.0012%

5 4.711719473696184 0.15%

10 9.489578992311857 0.84%
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Future work

• Look into relationships between NPC and other quantities,
such as Bondi energy/momentum.

• Calculate all five NPC by dropping the axi-symmetry
assumption.

• Bondi linear momentum and a notion of angular momentum
on I +.

• Generalize to Kerr or Reisnner-Nördstrom.
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