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Method
Geometric basics

Penrose (1964): conformal compactification
analogous to Riemann sphere of complex numbers

Figure: The Riemann sphere, stereographic projection
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Method
Geometric basics

Figure: The Riemann sphere, stereographic projection

main features
▶ all straight lines end up at the north pole

acquire limit points (infinity)
▶ angles are preserved (’conformal’)

metrics are proportional

gS = Ω2gP

▶ Ω = 0 at the north pole (infinity)
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Method
Geometric basics

similar properties in GR
▶ metric rescaling

gab → Ω2gab

▶ conformal property
– time/space units are changed so that c remains constant
– light cone structure is unchanged
– propagation of gravitational waves is unchanged
– causality preserved

▶ infinity is brought in to a finite place
▶ radiation identified directly without ’extraction procedure’

But: cannot use the standard Einstein equations
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Conformal field equations
Summary of equations

▶ implement Penrose’s conformal approach,
developed by Helmut Friedrich

▶ system of equations equivalent to standard Einstein equations
▶ determine a space-time in a conformally covariant way
▶ equations for

– frame: Cartan’s first structure equation, torsion-free connection
– (Weyl) connection: Cartan’s second structure equation
– unphysical Ricci tensor: Bianchi identity
– rescaled Weyl tensor : Bianchi identity and Einstein equation

∇eKabc
e = 0, where Kabc

d = Ω−1Cabc
d

– equation for a massless spin-2 field

▶ but: need gauge conditions as in the standard case
(coordinates, frame, conformal factor, Weyl connection)
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Conformal field equations
Conformal Gauß gauge

▶ based on a congruence of time-like conformal geodesics
▶ fix a 3-dimensional space-like hypersurface
▶ from every point start an auto-parallel curve in the normal

direction ta into the future

▶ use curves to construct
– coordinates
– frame
– conformal connection
– conformal factor
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Conformal field equations
Conformal Gauß gauge

▶ physical geodesics tend to intersect due to curvature
▶ physical Gauß gauge collapses quickly
▶ but: conformal Gauß gauge is much better behaved

▶ covers the complete Kruskal extension
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Conformal field equations
Conformal Gauß gauge

Equations have a very simple schematic form
▶ unknowns (U,K)

▶ satisfy system of quasi-linear equations
U̇ = F1(U,K)

K̇ = F i
2(U)∂iK + F3(U)K

▶ advection equations (ODE) for U along conformal geodesics
▶ spin-2 equation for Kabc

d is symmetric hyperbolic
▶ well-posed Cauchy problem

8



Numerical Method
COFFEE code freely available on GitLab

▶ 3D spectral-FD hybrid code
▶ spin-weighted spherical harmonics
▶ ð-calculus on the sphere
▶ dynamical regridding to maintain resolution
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https://gitlab.com/thebarista/coffee


Upsetting a black hole
Scenario

▶ black hole initially static or stationary
▶ shoot a gravitational wave on it
▶ what happens?
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Results
So far we can “shake” a Schwarzschild black hole

Very non-linear regime
▶ transient evolution
▶ large wave amplitude a

▶ computation in time domain

In contrast to linear perturbation theory
▶ (infinitesimally) small amplitude
▶ quasi-normal modes, ringing
▶ frequency domain

∴ Difficult to make a comparison (identification problem)
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Results
Ingoing pulse along the equator θ = π/2

Figure: Ingoing pulse Ψ0
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Results
Ingoing pulse along the equator θ = π/2 closeup

Figure: Ingoing pulse Ψ0
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Results
Outgoing radiation along the equator θ = π/2

Figure: Outgoing radiation Ψ4
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Results
Outgoing radiation along the equator θ = π/2 closeup

Figure: Outgoing radiation Ψ4
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Results
Bondi mass-loss

▶ initial mass m = 1/2, scales with ≈ a2

Figure: Bondi energy/mass 16



Results
Bondi mass-loss formula checked

m2 −m1 = − 1

4π

∫ 2

1
|N|2 d3V.

where
▶ m1,2: Bondi mass at different (retarded) times
▶ N: Bondi “news”, energy flux carried by gravitational waves

▶ complicated expressions1

– computed individually
– inserted into equation
– determine residual

1JF, C Stevens, A new look at the Bondi-Sachs massloss, arXiv:2104.13646
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Results
Bondi mass-loss formula checked

Figure: Bondi mass loss formula
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Preliminary results
Kicking the black hole

▶ gravitational wave injected predominantly from +z direction

Figure: Bondi momentum on I in the z direction 19



Preliminary results
Kicking the black hole

Figure: Bondi momentum on I in the z direction

▶ needs quantitative interpretation
▶ injected momentum vs emitted momentum
▶ quasi-local expression for injected momentum necessary
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Further research
Immediate problems

▶ compare with QNM, linear regime

▶ quasi-local expressions for linear and angular momentum
▶ compare with asymptotic expressions on I+

Further plans
▶ can one spin up a Schwarzschild black hole?
▶ move towards Kerr and Reissner-Nordström black hole

– study super-radiance (Penrose effect)
– instability of inner horizons

▶ fully global scattering problem
– data on I−

– signal on I+
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Thank you
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