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LISA targets

• Extreme-mass-ratio inspirals

• Supermassive black hole binaries

• Ultra compact binaries in the Milky Way

• Stellar mass black hole binaries years before the merger

• Stochastic gravitational-wave background

• Unforeseen and unmodeled sources
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Extreme-mass-ratio inspirals

• Extreme-mass-ratio inspirals (EMRIs): primary supermassive black hole + secondary
stellar-mass compact object

• Originate in dense stellar clusters and galactic cores

• The mass ratio of EMRIs span in the range ∼ 10−7 − 10−4

• Generate gravitational waves in the frequency range ∼ 10−4 − 10−1 Hz

• Perform ∼ 105 revolutions in the strong-field regime

• Rich waveform phenomenology

• EMRIs are prime targets for LISA/Taiji/TianQin

• Visible for years in the LISA band
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Short-timescale modeling: geodesic motion

Stationary/axisymmetric spacetime: ds2 = gttdt2 + 2gtϕdtdϕ + grrdr2 + gθθdθ2 + gϕϕdϕ2

Geodesic equations: ẍκ + Γκ
λν ẋλẋν = 0

Stationarity: E = −µ
(
gttṫ + gtϕϕ̇

)
Axisymmetry: Lz = µ

(
gtϕṫ + gϕϕϕ̇

)
Conservation of rest mass: ṙ2 + gθθ

grr
θ̇2 + Veff = 0, Veff ≡ 1

grr

(
1 + gϕϕE2+gttL2

z+2gtϕELz

µ2(gttgϕϕ−g2
tϕ)

)

Veff = 0 → Curve of zero velocity

Carter constant ↔ separation of radial and polar motion ↔ integrability
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Long-timescale modeling: radiation reaction
Gravitational self-force: ẍκ + Γκ

λν ẋλẋν = fκ
SF, the self-force term depends on the momenta

and the spacetime perturbation [Mino, Sasaki, Tanaka, PRD (1997), Quin, Wald, PRD (1997)]

• very complicated and challenging [Poisson, Liv. Rel. Rev. (2004)]
• recently calculated for Kerr, up to first order [van de Meent, PRD (2018), Barack, Pound, Rept.

Prog. Phys. (2019)]

Adiabatic approximation: The change in the momenta is sufficiently small over a single orbit
→ ‘averaging’ the self-force [Mino, PRD (2003)]

• Short timescales: orbit neglects radiative backreaction
• Long timescales: inspiral behaves like a ‘flow’ through successive geodesics

Hybrid kludge scheme: approximate the flux of momenta with post-Newtonian (PN)
formulae [Barack, Cutler, PRD (2004), Gair, Glampedakis, PRD (2006)]

• Kludge augmentation: include an additional PN term which represents the effect of
anomalous quadrupole moments [Barack, Cutler, PRD (2007), Gair, Li, Mandel PRD (2008),
Apostolatos, Lukes-Gerakopoulos, Contopoulos, PRL (2009)] 5



(r, θ)-bound motion 3D Cartesian coordinates
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Generic orbit: ωr/ωθ = irrational

Resonant orbit: ωr/ωθ = rational
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Surface of section

[Lukes-Gerakopoulos, Witzany, Handbook of Gravitational Wave Astronomy (2021)]
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Resonances

[Brink, Geyer, Hinderer, PRL (2015)]

• Resonances are ubiquitous in EMRIs

• Occur when two orbital frequencies form a
rational ratio

• Last for dozens of cycles in Kerr [Ruangsri,
Hughes PRD (2014), Brink, et al., PRD (2015)]

• Lead to resonant ‘kicks’ [Flanagan, Hinderer,
PRL (2012), Berry et al. PRD (2016)]

• Impact parameter estimation [Berry et al.
PRD (2016), Speri, Gair, PRD (2021)]
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“Two theorems to rule them all”

Consider a ‘weak’ perturbation of the Kerr background: H = HKerr + (µ/M)Hpert.

Kolmogorov-Arnold-Moser (KAM) theorem: If Hpert is non-integrable → dynamics
smoothly depart from that of HKerr, provided that ωr/ωθ is sufficiently irrational

Poincaré-Birkhoff theorem: If ωr/ωθ is rational → resonance → formation of ‘Birkhoff’ chain

integrable non-integrable

u0
u0

[Lukes-Gerakopoulos et al. PRD (2010)] 9



“Shaken, not stirred”: A theory-agnostic deformation of Kerr

[Johannsen, PRD (2013), KD, Suvorov, Kokkotas, PRD (2020)]

ds2 = − Σ[(αQ/r) M3 + ∆ − a2A(r)2 sin2 θ]
[(r2 + a2) − a2A(r) sin2 θ]2

dt2

− 2a[(r2 + a2)A(r) − ∆]Σ sin2 θ

[(r2 + a2) − a2A(r) sin2 θ]2
dtdϕ

+ (αQ/r) M3 + Σ
∆ dr2 + Σdθ2

+
Σ sin2 θ

[
(r2 + a2)2 − a2∆ sin2 θ

]
[(r2 + a2) − a2A(r) sin2 θ]2

dϕ2,

Σ = r2 + a2 cos2 θ, ∆ = r2 − 2Mr + a2, A(r) = 1 + r−2α22M2.

• αQ controls integrability, αQ ̸= 0 → no Carter constant (‘non-Kerr’)
• α22 deforms frame-dragging, αQ = 0 and α22 ̸= 0 → Carter constant (‘deformed Kerr’)
• αQ = α22 = 0 → Kerr
• Anomalous quadrupole moment: M2 = −Ma2 − 1
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Poincaré surface of section (αQ ̸= 0)

[KD, Suvorov, Kokkotas, PRD (2020)]

• Away from resonances, the curves surround a central point
• Resonant points are surrounded by nested islands
• Orbits share the same rational ratio ωr/ωθ across the island
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Orbital frequency evolution (µ/M = 10−6)

deformed Kerr non-Kerr
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Average time spent in island: ∼ 250 cycles
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Waveform modeling and LISA response

Numerical kludge waveforms: Combine exact particle trajectories with approximate
expressions for gravitational-wave (GW) emission [Babak et al., PRD (2007)]

• ‘quick and dirty’ EMRI waveforms, perfectly-suited for phenomenology
• remarkable agreement with Teukolsky-based waveforms (∼ 95%)

Einstein-quadrupole formula: hTT
ij = 2

d
d2Iij(Zi(t))

dt2 , Z(t) : inspiral trajectory

Incoming GW: h+,×(t) = 2µ
d ϵ+,×

ij

[
Zi(t)
dt2 Zj(t) + Zi(t)

dt
Zj(t)

dt

]
LISA response: hα(t) ∼ [F +

α (t)h+(t) + F ×
α (t)h×(t)] [Barack, Cutler, PRD (2004)]

13



Detectability and GW frequency evolution (µ/M = 10−6)
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[KD, Suvorov, Kokkotas, PRL (2021)]
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deformed Kerr non-Kerr

[KD, Suvorov, Kokkotas, PRL (2021)]
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GW glitches: a generic feature of chaos

µ/M = 10−5 µ/M = 10−6

[KD, Kokkotas, PRD (2021)] 16



Discussion

• Thousands of EMRIs are expected to be detected by LISA [Gair et al. J. Phys. (2017)]

• Integrable deformations lead to EMRIs which smoothly deviate from those in Kerr

• Non-integrable perturbations lead to the formation of resonant islands

• Non-integrability manifests itself into the waveform as a frequency glitch

• The glitches presented here may serve as ‘smoking-guns’ of chaotic phenomena in
EMRIs

• Waveform modeling is required for accurate estimation of EMRI parameters

• If LISA succeeds, we will obtain a vast amount of astrophysical and fundamental
physics knowledge
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Thanks a lot for your attention!
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Appendix



Impact of non-integrability: orbital level

wn : nth crossing of the orbit through a surface of section

ϑn : angle between two successive intersections at wn, wn−1

Rotation number:

νθ,N = 1
2πN

N∑
i=1

ϑi

• The limit N → ∞ converges to νθ = ωr/ωθ [Contopoulos (2002)]

• Successive rotation numbers form a rotation curve
• The rotation curve of integrable systems is monotonous
• The rotation curve of non-integrable systems exhibits a plateau inside resonant islands



EMRI evolution scheme

The calculation proceeds via the following steps:

1. Define the EMRI initial parameters M, µ, a and αQ, α22

2. Initialize the trajectory with E0, Lz,0 and (r(0), θ(0), ṙ(0), ˙θ(0))
3. Calculate the orbital elements e, p, ι

4. Approximate the fluxes〈dE

dt

〉
2PN

= µ

M2 fE(e, p, ι, M2),
〈dLz

dt

〉
2PN

= µ

M
fL(e, p, ι, M2) [Gair, Glampedakis, PRD (2006)]

5. Evolve the coupled (r, θ) geodesic equations with E, Lz changing adiabatically as:

E(t) = E0 + ⟨dE/dt⟩t, Lz(t) = Lz,0 + ⟨dLz/dt⟩t

6. Update the fluxes every Nr cycles and repeat from step 2



Orbital elements

αQ=-1.8 (non-Kerr)

α22=-2.2 (deformed Kerr)
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