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Outline
• 4DGB Gravity: A Brief History
• Equations of Motion/Metric Ansatz
• Metric Regularity and Scaling
• Properties of the Solution (Λ=0, de Sitter, omitting AdS results for 

brevity)
• Black Hole Horizons
• Angular Velocity of the Horizon
• ISCOs
• Photon Sphere

• Angular Velocity Ratios
• Lyapunov Exponent

• Black Hole Shadow (unfinished)
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4DGB Gravity: Brief history and motivation

• GR is very powerful, but not without problems
• Black hole singularities/geodesic incompleteness

• Quantum theories of gravity (ie. superstring/M theory) aim to 
understand the singularity problem
• When solved perturbatively, the Gauss-Bonnet action term was found as the 

leading order term in the action
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4DGB Gravity: Brief history and motivation

• Many black hole solutions have been derived for D>4, but for many 
reasons the lower-dimensional solutions have been hard to obtain
• Lovelock theorem: Einstein’s general relativity with the cosmological 

constant is the unique theory of gravity if we assume:
• the space time is 3+1 dimensional
• diffeomorphism invariance
• metricity 
• second order equations of motion.

• In 2020 Glavan & Lin claimed to have bypassed the Lovelock 
theorem via a rescaling of the coupling constant
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4DGB Gravity: Brief history and motivation

• Hennigar, Kubiznak, Mann and Pollack (2020) argue against the 
naïve rescaling of the coupling constant, and derive a well-defined 
4D limit

• Interestingly, a solution to the spherical black hole metric function 
exists which matches that found in the naïve 4D theory:

5



Equations of Motion
• As a starting point, we use the EOM from Kubiznak (2020) directly:

• Scalar field:

• Variation with respect to the metric:

• where
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Metric Ansatz

• Assume the slowly rotating metric takes the following form:

• We derive the following exact expressions for f(r) and p(r):
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Rescaling of Equations

• It is desirable to remove explicit Λ dependence from the equations, 
maximizing the amount of information per plot

• Rewrite the metric function f(r):

8



Λ=0: Black Hole Horizons
• When Λ=0, the black hole horizon has a simple analytical form:

• This defines a minimum mass allowed by the theory:

Angular velocity of the black hole horizon as a function of mass when Lambda = 0 for alpha 
= 0.01, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1 M☉^2 (in blue from left to right) plotted 
against the Einstein (alpha=0) solution Omega = chi/4M (in red). 9



Λ>0: Black Hole Horizons

The locations of the de Sitter black hole horizons plotted as a function of mass. In all cases the red 
line represents the solution from GR (ie. when $\alpha = 0$), and the blue lines represent the 4DGB 
solutions for $\bar{\alpha} = \bar{\alpha}_C\frac{1}{1000}, \bar{\alpha}_C\frac{1}{100}, 
\bar{\alpha}_C\frac{1}{10}, \bar{\alpha}_C\frac{4}{10}, \bar{\alpha}_C\frac{7}{10}, 
\bar{\alpha}_C\frac{85}{100}, \bar{\alpha}_C \; (L^{-2})$ from left to right. One notices that as soon 
as a nonzero coupling constant is introduced, the horizon structure includes an inner horizon and a 
minimum mass point. One also notices that once $\alpha$ passes criticality, no physical black hole 
solutions exist.
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Λ>0: Angular Velocity of the Horizon
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Λ=0: ISCOs
• Problem is treated as a particle moving in an effective potential

• Slow rotation --> solve perturbatively
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Λ=0: ISCOs

Plots of the ISCO parameters 
when Lambda = 0. The 
leftmost plot contains the 0th 
order (static) term, whereas 
the rightmost plot contains 
the leading order corrections 
due to rotational effects. In all 
cases the red line represents 
the solution from GR (ie. when 
$\alpha=0$), and the blue 
lines represent the 4DGB 
solutions for alpha = 1/50, 
1/20, 1/5, 1/2, 1 M_solar^2 
from left to right.
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Λ=0: ISCOs

Plots of the ISCO parameters when Lambda = 0. The leftmost plot contains the 0th order (static) term, whereas the rightmost plot contains the leading 
order corrections due to rotational effects. In all cases the red line represents the solution from GR (ie. when $\alpha=0$), and the blue lines represent 
the 4DGB solutions for alpha = 1/50, 1/20, 1/5, 1/2, 1 M_solar^2 from left to right.
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Λ>0: ISCO stuff
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Λ>0: ISCO

Plots of the ISCO parameters when $\Lambda = \frac{3}{L^2}$. The leftmost column contains the 0th order (static) terms, whereas the rightmost column contains 
the leading order corrections due to rotational effects. In all cases the red line represents the solution from GR (ie. when $\alpha=0$), and the blue lines represent 
the 4DGB solutions for $\bar{\alpha} = \frac{\bar{\alpha}_T}{10000}, \frac{\bar{\alpha}_T}{100}, \frac{\bar{\alpha}_T}{5}, \frac{\bar{\alpha}_T}{2}, \bar{\alpha}_T 
\frac{3}{4}, \bar{\alpha}_T \frac{15}{16} \; (M_\odot^2)$ from left to right.
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Λ>0: ISCO

Plots of the ISCO parameters when $\Lambda = \frac{3}{L^2}$. The leftmost column contains the 0th order (static) terms, whereas the rightmost column contains 
the leading order corrections due to rotational effects. In all cases the red line represents the solution from GR (ie. when $\alpha=0$), and the blue lines represent 
the 4DGB solutions for $\bar{\alpha} = \frac{\bar{\alpha}_T}{10000}, \frac{\bar{\alpha}_T}{100}, \frac{\bar{\alpha}_T}{5}, \frac{\bar{\alpha}_T}{2}, \bar{\alpha}_T 
\frac{3}{4}, \bar{\alpha}_T \frac{15}{16} \; (M_\odot^2)$ from left to right.
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Λ>0: ISCO

Plots of the ISCO parameters when $\Lambda = \frac{3}{L^2}$. The leftmost column contains the 0th order (static) terms, whereas the rightmost column contains 
the leading order corrections due to rotational effects. In all cases the red line represents the solution from GR (ie. when $\alpha=0$), and the blue lines represent 
the 4DGB solutions for $\bar{\alpha} = \frac{\bar{\alpha}_T}{10000}, \frac{\bar{\alpha}_T}{100}, \frac{\bar{\alpha}_T}{5}, \frac{\bar{\alpha}_T}{2}, \bar{\alpha}_T 
\frac{3}{4}, \bar{\alpha}_T \frac{15}{16} \; (M_\odot^2)$ from left to right.
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Photon Sphere
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Λ=0: Photon Sphere
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Photon Sphere dS
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Ratio of Angular Velocities

• An interesting quantity to consider:
• Could be used to constrain the theory 

Ratio of $\frac{\omega_+}{|\omega_-|}$ in GR (red) plotted against the same 
ratio in the 4DGB theory (blue) when $\Lambda = 0$ for $\alpha = 0, 0.01, 0.1, 
0.2, 0.3, 0.7, 1$ $M_{\odot}^2$ (from left to right). In this figure we have fixed 
$\chi = 0.01$.
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Ratio of Angular Velocities dS

Ratio of $\frac{\omega_+}{|\omega_-|}$ in GR (red) plotted against the same 
ratio in the 4DGB theory (blue) for $\bar{\alpha} = \frac{\bar{\alpha}_T}{10000}, 
\frac{\bar{\alpha}_T}{100}, \frac{\bar{\alpha}_T}{5}, \bar{\alpha}_T\frac{3}{4}, 
2*\bar{\alpha}_T, \frac{\bar{alpha}_C}{10}, \frac{\bar{alpha}_C}{2}, 
\bar{\alpha}_C\frac{3}{4}, \bar{\alpha}_C\frac{4}{5}$ when $\Lambda>0$. In 
this figure we have fixed $\chi = 0.1$. 23



Remaining Analysis

• Photon ring stability (Lyapunov Exponent – near completion)

• Black hole shadow
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Thanks for listening 
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BONUS SLIDES…..
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Analytic Properties

• Slowly rotating 4DGB metric is singular near r=0:

• Only other condition leading to irregularity never occurs in our 
allowed region of parameter space
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Λ<0: Black Hole Horizons

The locations of the anti-de Sitter black hole horizon plotted as a function of mass. The red 
line represents the solution from GR (ie. when $\alpha=0$), and the blue lines represent the 
4DGB solutions for $\alpha = \alpha_c*\frac{1}{1000}, 
\alpha_c*\frac{1}{100},\alpha_c*\frac{1}{10}, \alpha_c*\frac{4}{10}, \alpha_c*\frac{7}{10}, 
\alpha_c*\frac{85}{100}, \alpha_c \; (L^{-2})$ from left to right. One notices that as soon as a 
nonzero coupling constant is introduced, the horizon structure includes an inner horizon and 
a minimum mass point.
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Λ<0: Angular Velocity of the Horizon

Angular velocity of the black hole horizon as a function of mass when $\Lambda < 0$ for 
$\alpha= \alpha_C\frac{1}{10}, \alpha_C\frac{2}{10}, \alpha_C\frac{3}{10},  
\alpha_C\frac{4}{10}, \alpha_C\frac{5}{10},  \alpha_C\frac{6}{10}, \alpha_C\frac{7}{10}, 
\alpha_C\frac{8}{10}, \alpha_C\frac{9}{10}, \alpha_C\frac{95}{100}, \alpha_C\frac{99}{100}, 
\alpha_C$ (in blue from left to right) plotted against the Einstein ($\alpha=0$) solution 
$\Omega = \chi/4M$ (in red) 29



Λ<0: ISCOs

In the regime $\alpha \sim \frac{\alpha_c}{100}$ we see the 4DGB solution cross over the GR solution as mass increases from many of the ISCO parameters. In the 
above plots we plot this behaviour for $\Lambda = -\frac{3}{L^2}$ when $\bar{\alpha} = \frac{\bar{\alpha}_C}{500}, \frac{\bar{\alpha}_C}{200}, 
\frac{\bar{\alpha}_C}{100}, \frac{\bar{\alpha}_C}{50}, \frac{\bar{\alpha}_C}{15}, \frac{\bar{\alpha}_C}{7.5}, \frac{\bar{\alpha}_C}{5}$.
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Λ<0: ISCOs

In the regime $\alpha \sim \frac{\alpha_c}{100}$ we see the 4DGB solution cross over the GR solution as mass increases from many of the ISCO parameters. In the 
above plots we plot this behaviour for $\Lambda = -\frac{3}{L^2}$ when $\bar{\alpha} = \frac{\bar{\alpha}_C}{500}, \frac{\bar{\alpha}_C}{200}, 
\frac{\bar{\alpha}_C}{100}, \frac{\bar{\alpha}_C}{50}, \frac{\bar{\alpha}_C}{15}, \frac{\bar{\alpha}_C}{7.5}, \frac{\bar{\alpha}_C}{5}$.
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Λ<0: ISCOs

In the regime $\alpha \sim \frac{\alpha_c}{100}$ we see the 4DGB solution cross over the GR solution as mass increases from many of the ISCO parameters. In the 
above plots we plot this behaviour for $\Lambda = -\frac{3}{L^2}$ when $\bar{\alpha} = \frac{\bar{\alpha}_C}{500}, \frac{\bar{\alpha}_C}{200}, 
\frac{\bar{\alpha}_C}{100}, \frac{\bar{\alpha}_C}{50}, \frac{\bar{\alpha}_C}{15}, \frac{\bar{\alpha}_C}{7.5}, \frac{\bar{\alpha}_C}{5}$.
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Λ<0: ISCOs

Plots of the ISCO parameters when $\Lambda = -\frac{3}{L^2}$. The leftmost column contains the 0th order (static) terms, whereas the rightmost column contains 
the leading order corrections due to rotational effects. In all cases the red line represents the solution from GR (ie. when $\alpha=0$), and the blue lines represent 
the 4DGB solutions for $\bar{\alpha} = \bar{\alpha}_C\frac{1}{10},\bar{\alpha}_C\frac{9}{10}, \bar{\alpha}_C\frac{98}{100}, \bar{\alpha}_C\frac{99}{100}, 
\bar{\alpha}_C\frac{997}{1000}, \bar{\alpha}_C\frac{998}{1000}, \bar{\alpha}_C\frac{999}{1000} \; (L^{-2})$ from left to right. In this case $\bar{\alpha}_C = 
\frac{1}{4} L^{-2}$.
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Λ<0: ISCOs

Plots of the ISCO parameters when $\Lambda = -\frac{3}{L^2}$. The leftmost column contains the 0th order (static) terms, whereas the rightmost column contains 
the leading order corrections due to rotational effects. In all cases the red line represents the solution from GR (ie. when $\alpha=0$), and the blue lines represent 
the 4DGB solutions for $\bar{\alpha} = \bar{\alpha}_C\frac{1}{10},\bar{\alpha}_C\frac{9}{10}, \bar{\alpha}_C\frac{98}{100}, \bar{\alpha}_C\frac{99}{100}, 
\bar{\alpha}_C\frac{997}{1000}, \bar{\alpha}_C\frac{998}{1000}, \bar{\alpha}_C\frac{999}{1000} \; (L^{-2})$ from left to right. In this case $\bar{\alpha}_C = 
\frac{1}{4} L^{-2}$.
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Λ<0: ISCOs

Plots of the ISCO parameters when $\Lambda = -\frac{3}{L^2}$. The leftmost column contains the 0th order (static) terms, whereas the rightmost column contains 
the leading order corrections due to rotational effects. In all cases the red line represents the solution from GR (ie. when $\alpha=0$), and the blue lines represent 
the 4DGB solutions for $\bar{\alpha} = \bar{\alpha}_C\frac{1}{10},\bar{\alpha}_C\frac{9}{10}, \bar{\alpha}_C\frac{98}{100}, \bar{\alpha}_C\frac{99}{100}, 
\bar{\alpha}_C\frac{997}{1000}, \bar{\alpha}_C\frac{998}{1000}, \bar{\alpha}_C\frac{999}{1000} \; (L^{-2})$ from left to right. In this case $\bar{\alpha}_C = 
\frac{1}{4} L^{-2}$.
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