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In this talk we will see:
● What the Barrow entropy is

● Why its parameter 𝛅 (Barrow Entropy Index) is expected to run 
(i.e. why it should be energy scale-dependent)

● How this gives rise to a cosmological constant term in the Friedmann 
equations

● The behaviour of this cosmological constant at early and late times
(how it starts negative and naturally becomes positive and small in the 
current epoch)

● The fact that a cosmological constant switches sign could explain the Hubble 
tension problem
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The Barrow 
entropy
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Coronavirus and the idea
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Koch snowflake
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Sphereflake
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The Hilbert curve
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Fractalization procedure
● Start with Schwarzschild radius
● At each step, add N spheres of radius
● Repeat for N steps
● Take N to infinity  

The fractal dimension is 2+𝛅, where 𝛅 is in the range                      .
If 𝛅=0 we have no change in the Schwarzschild black hole and 𝛅=1 corresponds to 
the maximum fractalization (when the fractal dimension is all       ).
Then we can write an entropy that has the dimensions of the fractal:                
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The BEI must run

In the following slides, we shall use Planck units



Expansion of the Barrow entropy

Expansion for small δ of the Barrow entropy:

In quantum gravity usually:
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Dark Energy from 
the running BEI



Barrow entropy and thermodynamics

Take the first law of thermodynamics:

for the cosmological horizon in a FRW spacetime, where the temperature and 
apparent radius are:
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We can write the entropy variation using the Barrow entropy:

and the energy differential:
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Equating the two sides gives:

Then we can use:

to write:
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Fixed BEI

In this paper:

with fixed (non-running) 𝛅, they obtain a Friedmann equation:
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Careful with the integration limits

The equation we must integrate:

The BEI 𝛅 varies with time, as well as H, so we cannot simply consider it as a 
constant when we integrate!
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Limit : 𝛅~0

First term of the l.h.s : 

r.h.s: 

If there is no second term:
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Therefore, we can think of the second term as a dark energy term, to recover:

The differential of the effective cosmological constant:

We can solve the l.h.s :

19



To solve the r.h.s we need to make an Ansatz:

The approximate result is then:

The cosmological term 𐊍 is positive and small and becomes smaller and smaller 
with time.
Confirmed also by a numerical evaluation of the actual r.h.s.
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Note: 𝛅 is still dimensionless, 
we are working in Planck units

Reminder



Limit : 𝛅~1
It depends on what we choose for 𝛅. We decide to make the following Ansatz:
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because we want a function that is at least less than             
and that decreases from 1 (when r=0) to 0 at late time.



But that is a logarithmic divergence, which is still subleading with respect to the 
first term:

The negativity of the cosmological constant does not depend on the choice of 𝛅
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Conclusion

We have shown how:

● The Barrow Entropy Index must run

● The effective cosmological constant changes sign
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Open problems

However, in our treatment, the following questions remain unsolved:

● The actual behaviour of the Barrow Entropy Index 

● What is affected by the fractalization?
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Thank you 
for your attention

See arXiv:2205.09311 for more details
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