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I. Introduction
The higher order perturbation theory in general relativity
has very wide physical motivation.
– Cosmological perturbation theory

• Expansion law of universe : “Back-reaction?”
(ΛCDM ?, inhomogeneous cosmology ?, or modified gravity ?)
• Non-Gaussianity in CMB (beyond Planck)

– Gravitational-wave physics
• Black hole perturbations

– Radiation reaction effects due to the gravitational wave emission.
» GW from SgA* EMRI. --> LISA target.

• Binary coalescence through the post-Minkowski expansion
– LIGO-Virgo detected GW from BH-BH binary coalescence !!!

– Perturbation of a star (Neutron star)

• Rotation – pulsation coupling (Kojima 1997)

There are many physical situations to which higher order
perturbation theory should be applied.
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However, general relativistic perturbation theory
requires very delicate treatments of “gauges”.
It is worthwhile to formulate the
higher-order gauge-invariant perturbation
theory from general point of view.
• According to this motivation, from 2003, we have been formulating a
general-relativistic higher-order perturbation theory in a gauge-invariant
manner.
– General formulation :
•

General framework of higher-order gauge-invariant perturbation theory :

K.N. PTP110 (2003),723; ibid. 113 (2005), 413.

• Construction of gauge-invariant variables for the linear-order metric
perturbation and the proposal of the “zero-mode problem” :
K.N. CQG28 (2011),122001; PTEP2013 (2013),043E02; IJMPD21 (2012), 1242004.

• The nth-order extension of the definitions of gauge-invariant variables :
K.N. CQG 31 (2014), 135013.

– Application to cosmological perturbation theory :
•

K.N. (2006-2010), A.J. Christopherson,+ (2011), K.N.(2019).

– Application to Black Hole perturbation theory :
• Proposal of a gauge-invariant treatment of l=0,1-mode perturbations on
Schwarzschild background spacetime:
K.N. CQG 38 (2021), 145010. [arXiv:2102.00830v3[gr-qc] ].

• Formal solutions of the any-order mass, angular-momentum, dipole
perturbations on the Schwarzschild background spacetime:
•

K.N., LHEP 2021 (2021), 215. [arXiv:2102.10650v3[gr-qc] ].
Full Paper-Series of these short papers: K.N. arXiv:2110.13508 [gr-qc];
K.N. arXiv:2110.13512 [gr-qc]; K.N. arXiv:2110.13519 [gr-qc].
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Our general formulations for the higher-order gauge-invariant
perturbation theory is based on the following conjecture:
Conjecture (Decomposition conjecture):
If there is a symmetric tensor field
transformation rule is
and a vector field
such that
where

and

of the second rank, whose gaugethen there exist a tensor field
is decomposed as

are transformed as

under the gauge-transformation

, respectively.

In [K.N.(2011); K.N.(2013).], we proposed a proof of this conjecture,
but the existence of Green functions for some elliptic differential operators
was assumed in this proof.
For this reason, the kernel modes (zero modes) of these elliptic
differential operators were ignored (zero-mode problem).
In the perturbations on the Schwarzschild spacetime,
l=0,1 modes correspond to these kernel modes!!
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Once we accept the decomposition conjecture, we can
construct higher-order gauge-invariant variables.
[K.N. CQG 31 (2014), 135013]
 Metric perturbations :

<----------

Conjecture

.....
 Perturbations of an arbitrary tensor field Q :

Results

.....
Therefore, if we have a gauge-invariant treatments for
l=0,1 modes, we can develop higher-order perturbation
theory on the Schwarzschild spacetime!!!
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In this talk, ....
• Proposal of a gauge-invariant treatment of l=0,1
modes. [K.N. CQG 38 (2021), 145010.] .
• Formal solutions of the any-order mass, angularmomentum, dipole perturbations on the
Schwarzschild background spacetime.
[K.N., LHEP 2021 (2021), 215.] .
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VI. Summary
• We proposed a gauge-invariant treatment of the l=0,1 mode
perturbations on the Schwarzschild background spacetime.
– Our proposal is the introduction of the mode-decomposition by
singular harmonics at once and the regularization by imposing
regular boundary conditions when we solve the field equations.

• Following our proposal, we derive the l=0,1 mode perturbative
solutions to the linearized Einstein equation with a generic
linearized energy-momentum tensor for the matter field.
– Derived solutions include Kerr parameter perturbations and the additional
mass parameter perturbations in the vacuum case.
– Furthermore, these solutions realize the linearized LTB solution and the linearized Cmetric [K.N. arXiv:2110.13519v4 [gr-qc] ], although I do not explain within this talk

These solutions are physically reasonable!!
We may say that Our proposal is physically reasonable !!

• We also derived the “formal” solutions of the l=0,1-mode
perturbations to the any order Einstein equations!!!
– The physical behaviors of these formal solutions are not clear, yet.
– We leave the discussions on these physical behaviors as a future work. 7

II. “Gauge” in general relativity
(R.K. Sachs (1964).)

• There are two kinds of “gauges” in general relativity.
– The concepts of these two “gauges” are closely related to the
general covariance.
– “General covariance” :
There is no preferred coordinate system in nature.

• The first kind “gauge” is a coordinate system on a
single spacetime manifold.
• The second kind “gauge” appears in the perturbation
theory.
This is a point identification between the physical
spacetime and the background spacetime.
– Our gauge-invariant perturbation theory excludes this
second-kind gauge!! (Not the first-kind gauge!!)
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III. Linear perturbations on spherically
symmetric background
• The background spacetime has the spherically symmetric.
– Spacetime topology :
– Metric :

.

– Metric perturbation :
– Conventional decomposition of the metric perturbation :

where
,
, and
.
– This conventional decomposition requires the existence of
the Green functions of the operators
and
.
One-to-one correspondence between the variable
is not guaranteed in l=0,1 mode.

and
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• Proposal to solve this l=0,1-mode problem
– To resolve the problem of l=0,1-mode perturbations, we use the
decomposition of the perturbations by
instead of by

.

– (I)
– (II)
– The mode-decomposition
– (III)
is invertible when

, but the mode-functions (II) are singular in this case.

Proposal :
We decompose
on a spherically symmetric background through Eqs. (I), (II),
and (III).
After deriving the field equations such as linearized Einstein equations by
,
we choose
when we solve these field equations as the regular boundary
conditions for solutions.

This proposal enable us to show
(Decomposition
conjecture) for the perturbations on the spherically symmetric
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background spacetimes including l=0,1 modes.

IV. l=0,1 solutions to the linearized Einstein Eqs.
• Since my proposal is unusual one, we have to check whether our
proposal is physically reasonable or not.
To check this, we consider the solution to the linearized Einstein Eqs..
• The linearized Einstein equations are given in the form
– The linear perturbation of the energy-momentum tensor should satisfy the equation

– Here, we decompose the components of

• Notes on components of

when

as

:

– For l=0,1 modes, we may choose
– For l=0 mode, we may also choose
• Because of

these conditions for l=0 modes yields

for l=0 mode.
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4-1. Odd mode perturbations
• If we impose the regularity
, there is no l=0 mode in odd-mode.
• l=1 mode solution (we concentrate only on m=0 mode):
Kerr parameter perturbation

: arbitrary function of t.

4-2. Even mode perturbations
l=0 even mode solution:

where

l=1 even mode solution:

where

These solutions are physically reasonable!!
---> Our proposal is also physically reasonable!!!
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• Properties of the nth-order Einstein equations
 The nth-order Einstein equations is linear equations for
 Vacuum background

:

:

 Identity (from [K.N. PTP 113 (2005), 481.]) :
for the vacuum background.
 The nth-order perturbation
of the of the energy-momentum tensor
does not includes the nth-order metric perturbation
.

These situations match to our solutions to the linear-order
Einstein equations.

• Through our proposal, we can obtain the l=0,1-mode solutions
to the nth-order Einstein equations by replacing
.
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VI. Summary
• We proposed a gauge-invariant treatment of the l=0,1 mode
perturbations on the Schwarzschild background spacetime.
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– Furthermore, these solutions realize the linearized LTB solution and the linearized Cmetric [K.N. arXiv:2110.13519v4 [gr-qc] ], although I do not explain within this talk
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