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• Anisotropic stochastic gravitational wave background
(SGWB)

• IGWs from Statistically anisotropic scalar perturbations
• Summary
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Anisotropic SGWB
➢ Origins:

1. Initial condition: Non-Gaussianities, Anisotropic background, …
2. Propagation effects: (Integrated) Sachs-Wolfe effects

Test the production mechanisms of primordial GWs
[Bartolo et.al., 2201.08782]

In one day, we may
detect the SGWB allsky map:

➢ Anisotropy in energy spectrum:
Angular spectrum:
Usually, we consider or assume:
In our study, the anisotropy will appear at the onepoint correlator, due to the anisotropic source
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PBH Formation

➢ Collapse of overdense regions:

𝛿𝜌
𝛿=
𝜌

➢ Threshold:

𝑅𝐻 ~ 𝑅 > 𝑅𝐽

Hubble radius

Threshold: 𝛿 > 𝜔 , for p = 𝜔𝜌

Jeans length
Overdense region δ

➢ Huge mass ranges:

Horizon-mass approximation

[Carr,’75]

𝜔 = 1/3 for RD
The precise value of the threshold
for PBH formation 𝛿𝑐 ~0.45
Planck scale 10−43 s → 10−5 g
EW scale 10−10 s → 1028 g
QCD scale 10−6 s → 1032 g
Neutrino decoupling 1𝑠 → 105 𝑀⨀
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Importance of PBHs
Related to various cosmological and astronomical phenomena:
• Dark matter (> 1015 g)
• LIGO/Virgo event (~ 10 M⨀ )
• Seeds for the SMBHs in galactic nuclei (~ 106 M⨀ )
• Hawking radiation: BBN, CMB, EGB, GRB… (≲ 1015 g)
• …

PBHs serve as a promising tool to detect the early Universe.
[Carr et.al., 2002.12778]
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PBHs and IGWs
PBHs

The peaks of
primordial
density
perturbations

Cross correlation

IGW can be a powerful observational window for
• PBHs
• Small-scale scalar perturbations (e.g. Non-Gaussianity )
[Cai, Pi&Sasaki,1810.11000]
[Saito&Yokoyama,0812.4339]
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Basic Formulas for IGWs
➢ The EoM for IGWs:
TT part of
the sources

where
➢ The solution of IGWs (Green’s function method):

drop

where
➢ The power spectrum:

need to calculate the
correlation of source
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Basic Formulas for IGWs
➢ Perturbative expansion:
2nd-order tensor

➢ Newtonian gauge:

1st-order scalar

where Φ is the Bardeen potential and ℎ𝑖𝑗 is the 2nd-order tensor perturbation.
➢ 2nd-order source at RD:
2nd-order Einstein eq. for
tensor modes

[Baumann, et.al, 0703290; Ananda, et.al, 0612013]
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Anisotropic Scalar Perturbations
➢ Primordial anisotropy:
• Standard perturbation theory: statistically homogeneous and isotropic,
confirmed at CMB scales to some extent;
• We don’t have any knowledge about the small-scale primordial
perturbations;
• The existence of vector fields leads to the anisotropic background and
perturbations: anisotropic inflation [e.g., Soda, 1201.6434]
➢ Anisotropic power spectrum:
Legendre
polynomials
isotropic

CMB: 𝐴2 < 0.0021 68%𝐶𝐿 ; assumed to be
constants; we only consider ℓ=𝟎,𝟐 (realized in
anisotropic inflation); Odd terms vanish due
to the homogeneity;

• 𝑑መ : a preferred statistical direction; SO(3) rotational symmetry is broken to SO(2);
• Isotropic Universe: 𝐴ℓ=0 = 1, 𝐴ℓ≠0 = 0
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➢ Energy spectrum:
Power spectrum
of IGWs:

Anisotropic IGWs
Kernel function

quadrupole
Combinations: (r,l) = (0,0); (0,2), (2,0); (2,2)
Monopole
ℓ=0,2,4-poles!
(isotropy)

Multipole expansion
of energy spectrum:

Isotropic source

Monopole moment contains the contribution from the quadrupole of source!

10

Anisotropic IGWs: Delta-Peak Source
➢ Delta-peak source:
Isotropic source
Multipole moments:
zeros:

zeros:
always positive

Positivity
This constraint is merely due to the
truncation of multipole expansion.
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Anisotropic IGWs: Delta-Peak Source

local minimum:

position:
width of the dip:
Infrared scaling: the same with the isotropic IGWs (𝑘 2 ), i.e., anisotropy of scalar
perturbations does not affect the infrared behavior (for any types of isotropic source),
unless 𝐴ℓ depends on k. In the limit 𝑘 ≪ 1, the leading order is the monopole.
[Cai,Pi&Sasaki,1909.13728]
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Anisotropic IGWs: Log-Normal Source
➢ Log-normal source:

∆≪ 1, delta-peak
∆≫ 1, scale-invariant

➢ Multipole moments:

Gaussian functions

➢ Narrow peak (stationary approximation):

[Pi&Sasaki, 2005.12306]

Scales:
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Anisotropic IGWs: Log-Normal Source
Approximations:

far- (𝑘 3 ) & near-infrared (𝑘 2 ) regimes
break scale: 𝑘𝑏

[Pi&Sasaki, 2005.12306]
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Anisotropic IGWs: Log-Normal Source
➢ Broad peak:

Since the kernel function is quite complicated, we resort to the
numerical calculations:

• The multipole moments of SIGW energy spectra are extended as the width of source
increase;
• The zeros move to the right as we increase the width, as we finally get almost flat
spectra in the bottom-right panel in the figure.
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An open question
The IGWs will be much more interesting when the source is enhanced through some
mechanisms, e.g., PBH formation. To our knowledge, PBH formation has not been discussed
in the presence of statistical anisotropy.

In the anisotropy inflation, the power spectrum is parametrized as

𝑔2 is somewhat a free parameter controlled by a gauge kinetic function.
If 𝑔0 ≪ 𝑔2 is realized at some small scales, 𝒫𝜁 is enhanced by 𝑔2 .
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Conclusions

• IGWs can be used to test the small-scale statistics of primordial
scalar perturbations, which is not accessible via the current
observations;
• IGWs from the statistically anisotropic scalar perturbation are
studied, and we consider the delta-peak and lognormal sources.
We find that the monopole moment of IGWs are also contributed
by the quadrupole moment of source, which is the distinct feature
compared to the isotropic case;
• PBH formation in the present of anisotropy would be interesting.

Thank you!
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